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Abstract

Background/Objectives: The concept of Laplacian energy of fuzzy graph is extended to the Laplacian energy of an
intuitionistic fuzzy graph. Methods/Statistical Analysis: In this paper, we defined the adjacency matrix of an intuitionistic
fuzzy graph and the Laplacian energy of an intuitionistic fuzzy graph is defined in terms of its adjacency matrix. Findings:
The lower and upper bound for the energy of an intuitionistic fuzzy graph are also derived and verified with suitable
intuitionistic fuzzy graphs. Application/Improvements: Laplacian spectra of intutionistic fuzzy graphs may reveal more

analogous results in the chemical molecules.
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1. Introduction

Fuzzy set® has emerged as a potential area of
interdisciplinary research and fuzzy graph theory is of
recent interest. The concept of a fuzzy graph relation
was defined by Zadeh" and it has found applications in
the analysis of cluster patterns. Rosenfield'' considered
the fuzzy relations on fuzzy relations on fuzzy sets and
developed the structure of fuzzy graphs.

Atanassov’ introduced the concept of intuitionistic
fuzzy relation and Intuitionistic Fuzzy Graphs (IFG).
Recent on the theory of Intuitionistic Fuzzy Sets (IFS) has
been witnessing an exponential growth of mathematics
and its applications. This ranges from normal
mathematics to computer sciences, information sciences
and communication systems. Graph spectrum appears
in problems in statistical physics and in combinatorial
optimization problems in mathematics. Spectrum of a
graph also plays an important role in pattern recognition,
modelling virus propagation in computer networks and
in securing personal data in databases. A concept related
to the spectrum of a graph is that of energy.

* Author for correspondence

In this paper we are concerned with simple graphs.
Let G be a graph with n vertices and m edges and we say
this G is a (n,m) graph.

Let d be the degree of i vertex of G,i=1,2,..,n. The
spectrum of the graph G, consisting of the numbers )\1,
A, .., A, is the spectrum of its adjacency matrix’. The
Laplacian spectrum of the graph G, consisting of the
numbers U, .. is the spectrum of its Laplacian
matrix'%.

The ordinary and laplacian graph Eigen values obey

the following well-known relations
Z)‘i = O,Z)\f = 2m,2u,. = Zm,Zuf =2m+ de
i=1 i=1 i=1 i=1 i=1

Furthermore, if the graph G has n components (n > 1)
and if the Laplacian Eigen values are labelled so that p >
H,...2y, then p = 0fori=0,1,2,..p-land and p_>0.

Laplacian energy of a graph G is equal to the sum
of distances of the Laplacian Eigen values of G and the
average degree d(G) of G.

In this paper we introduce the concept of Laplacian
energy of intuitionistic fuzzy graphs. Section 2 consists of



Laplacian Energy of an Intuitionistic Fuzzy Graph

preliminaries and definition of laplacian energy of fuzzy
graph and in section 3, we present the Laplacian energy of
an intuitionistic fuzzy graph. The lower and upper bounds
for the Laplacian energy of an intuitionistic fuzzy graph
are also derived in Section 4. We give the conclusion in
the last section.

2. Preliminaries

2.1 Laplacian Energy LE(G)

Definition 2.1: Let G be a simple graph possessing n

vertices and m edges. The Laplacian energy LE(G) of a

graph G is equal to the sum of absolute values of the Eigen

values @, > p>..>u of G and average degree d(G) of G.

This concept has been investigated in12 by L(G) = ;\ﬁ\ .
The auxiliary Eigen values r, i=1,2,..,n defined as

2m

==
n

We have iri,, = O,irf =2M ,
i=1 i=1

n 2
where M =m +n+%2[di _Z_m] ,of Gisa (n,m)-
i=1 n
graph and its Laplacian Eigen values are u, W,,....\_then
the Laplacian energy of G denoted by LE(G) is equal to

2

i=1

[

n

ie LE(G) ="

I=1

2m
My ———
n

Thus the above definition is well chosen is seen from
the following bounds that should be LE(G) = 2M,
2
LE@G) =21 \/(n - 1)[2m - [zﬂ]
n

n

2JM < LE(G) <2M

Definition 2.2: An edge whose end points are the same is
called a loop. A graph without loops and parallel edges is
called a simple graph. Two vertices that are connected by
an edge is called adjacent. The adjacency matrix A=[a,]
for a graph G = (V, E) is a matrix with n rows and n

columns, n = |V| and its entries defined by
1 if(v,v,)€EE

a, = .

710 otherwise

2.2 Fuzzy Set
Definition 2.3: Fuzzy set: [See 12] Let X be a nonempty
set. A fuzzy set A in X is defined as A = { (x, p,(x))/x
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€ X} which is characterized by a membership function
u,(x):X—>[0,1] and a fuzzy set satisfying the following
condition, u,(x)+y, (x) = 1 where y, (x) =1-p,(x) is the
non membership function .

2.3 Intuitionistic Fuzzy Set

Definition 2.4: [See 3] Let X be a non empty set. An
intuitionistic fuzzy set A in X is defined as A= { (x, y,(x),
Y, (x) /x € X} which is characterized by a membership
functiony, (x):X—>[0,1] and the non membership function
Y, (x):X—>[0,1] and satisfying the following condition

L 0<p (x)+y,®=<L,VxeX

2. 0<p,(x)+y,(®), [, ®<1L,VxeX

311,00 = 1, (0)-y,(x)

Where [I, (x) is called intuitionistic fuzzy index
of element x in A, the value denotes a measure of non
determinity. Obviously if [1, (x) = 0, then the intuitionistic
fuzzy set A is just a Zadeh’s fuzzy set.

2.4 Fuzzy Graph
Definition 2.5: [See 7] A fuzzy graph with V as the
underlying set is a pair of functions G = (o, p) where
0 : V=>[0,1] is a fuzzy subset and u: V x V—>[0,1] is a
symmetric fuzzy relation on the fuzzy subset o for all u,v
€ V such that u(u,v)< o(u) A o(v). The underlying crisp
graph of G = (0, 11) is denoted by G = (V, E) where EC V
x V.
A fuzzy relation can also be expressed by a matrix
called fuzzy relation matrix M = [mij] whgre m, = p(ui,uj)
Throughout this paper, we suppose G is undirected
without loops and o(u)=1 for each uEV.

Definition 2.6: Let G=(co,u1) be a fuzzy graph with p
vertices and q edges. The adjacency matrix of G = (o, )
is a square matrix of order p whose A(G) =Ia;] where
aj = p(u,,u;) entry is as the strength of relation between
the vertices u, and u,.

Example 2.1: Suppose G, is a fuzzy graph depicted in
Figure 1. Adjacency matrix of the fuzzy graph 61 is

0.2

0.7
0.1 0.5

0.3
0.6

Figure 1. A fuzzy graph G,.
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0 02 0.7 0.1
02 0 05 03
07 05 0 0.6
01 03 06 O

A=

Definition 2.7: Let u be a vertex of the fuzzy graph
G = (o, ). The degree of u is defined as
d;(w)= ) pluv)

uweE(G)

Definition 2.8: Let G = (o, ) be a fuzzy graph on G= (V,
E) of d.(v) =k for all vE€V, then G is said to be a regular
fuzzy graph of degree k or a k-regular fuzzy graph.

Definition 2.9: Let G=(o,u) be a fuzzy graph with n
vertices and m edges. The degree matrix of G = (o, ) is a
square matrix of order p whose D(G) = [aNIﬁ] and we have
3 dﬁ ) ifi=j
d,. = ,

" 0 otherwise
Theorem 2.1: Suppose {):1,):2,...,):”} are the Eigen values of
the fuzzy adjacency matrix A(G) with \, >\ >..> )\

then 1)2)\ —011)2)\2 =2 Z m;

1<i<j<n

Example 2.2: Let G2 be a fuzzy graph with |V| = n vertices.
The adjacency matrix of G, in Figure 2 is

0.3

0.1
0.1 0.2

0.1

Figure 2. A fuzzy graph G,.

0 01 0 0.1
01 0 02 01
0 02 0 03
01 01 03 O

o

The spectrum ofé1 is {-0.34,-0.1,0,0.44} we have also

ZX =—0.344(—0.1)+0+0.44 =0

M»

A =0.1156+0.01+0+0.1936 =2 » . m =0.32

1 1<i<j<n

Definition 2.10: Let Z(é) be an adjacency matrix and
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D(G) _[ ] be a degree matrix of G = (0, 11). The matrix
L(G)= D(G) A(G) is defined as fuzzy Laplacian matrix of

G-

Example 2.3: The Laplacian matrix of the fuzzy graph 52
is
0.2 0.1 0 —-0.1
. |—-01 04 —-0.2 -0.1
=0 02 05 —03
-01 -01 -03 0.5

Definition 2.11: Let L (6) be a fuzzy Laplacian
matrix of t G=(o,p). The Laplacian polynomial of G
is the characteristic polynomial of its laplacian matrix,
O(G, i) = det(fil, — L(G)). The roots of ¢(G, /i) is the fuzzy
Laplacian Eigen values of G.

Theorem 2.2: Let G = (g, ) be a fuzzy graph with |V|=n
vertices and i, > i, >... > ji, is the Laplacian Eigen values
of the fuzzy graph G = (¢, ) then

Zlav =2 Z m;;
i=1

1<i<j<n

=2 m +Zd2<u)
i=1 1<i<j<n
Corollary 2.1: Let G = (o, ) be a fuzzy graph with [V] =
vertices and f > i, >.. >, is the Laplacian Eigen
values of fuzzy graph G = (o, ,) where
2 )" mj; then we obtain
. ~ 1<i<j<n

Vi = Hi—
n

1.iﬁ, =0 2.iﬁf =2M
i=1 i=1
2 Z m;

Where M= Z mu+ Z d (u)_ 1<,<}n<n

1<i<j<n

Definition 2.12: Let G=(o,u) be a fuzzy graph with
V|=nverticesand j >, >..> i be the Laplacian Eigen
values of fuzzy graph j >, >..>f,. The Laplacian

energy of fuzzy graph G=(o,u) is defined as

2 Z ,u(ui,uj)

LE(G) = i — lggjgnn

Example 2.4: Suppose G is a fuzzy graph depicted in
Figure 3a, the Laplacian spectrum of G is
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0.3

0.1 0.1

0.3

Figure 3a. Graph G

(f, =0.2,/i, =0.6,f1, =0.2,f1, =0) we also have

3. Laplacian Energy of
Intuitionistic Fuzzy Graph

In this section, we define the Laplacian energy of an
intuitionistic fuzzy graph without loops.

Definition 3.1: [See 8] An intuitionistic fuzzy graph is
defined as G=(V, E, i, y) where V is the set of vertices and
E is the set of edges, p is a fuzzy membership function
defined on VxV and y is a fuzzy non membership function
we define p (v, v) by p; and y (v, v)) by y, such that
LO0<py;+7; <1

2.0 <y 7y <1 where m; =1— p; —7;. Hence (VxV, y,
y) is an

Intuitionistic fuzzy graph.

Example 3.1:

Figure 3b. G, Cloud environment.

Definition 3.2: [See 9] An intuitionistic fuzzy adjacency
matrix of an intuitionistic fuzzy graph is defined as the
adjacency matrix of the corresponding intuitionistic fuzzy
graph. That is for an intuitionistic fuzzy graph G=(V.E, y,
y) an intuitionistic fuzzy adjacency matrix is defined by
A(IG)=[a,] where a,(;,y,) . Note that p, represents the
strength of the relationship between v, and v, and y; the
strength of non relationship between v and v..

For an intuitionistic fuzzy graph in Figure 3b the
adjacency matrix is
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0 (0.602) (0502) (0.3,0.6)
0602 0 (0501 (0.8,0.1)
AUIG) ~1(0.5,02) (0.5,0.1) 0 (0.3,0.5)

(0.3,0.6) (0.8,0.1) (0.3,0.5) 0

Definition 3.3: The adjacency matrix of an intuitionistic
fuzzy graph can be written as two matrices one containing
the entries as membership values and other containing
membership valuesie. A (I(G)) = [(Flg)’ (yij)] where

0 06 05 03 0 02 02 06
a8 0 05 08 02 0 01 01
Wlos o5 o 03" A0D=l02 01 0 0.5

03 08 03 0 06 01 05 0

Definition 3.4: The Eigen values of an intuitionistic fuzzy
adjacency matrix A (IG) is defined as (X, Y) Where X is
the set of Eigen values of A () and Y is the set of Eigen
values of A (yij).

Definition 3.5: Let A (IG) be a adjacency matrix and
D (IG) =[dij] be a degree matrix of IG=(V, E, W, y). The
matrix L (IG) =D (IG)-A (IG) is defined as intuitionistic
fuzzy Laplacian matrix of IG.

Here Laplacian matrix of an intuitionistic fuzzy
graph can be written as two matrices one containing the
entries as membership values and other containing non
membership values

ie. L (IG) =|(L(g, ). (L)

Example 3.2: The Laplacian matrix of the membership
values of an intuitionistic fuzzy graph G,is

14 —06 —05 —03 10 02 —02 —06
06 19 —05 —08 02 04 —01 —0.1
—05 —05 13 —03™ =05 o1 08 —os
03 —08 —03 14 —01 —-01 —05 12

L[ij] =

Definition 3.6: Let L[ ] be a intuitionistic fuzzy Laplacian
matrix of IG = (V, E, i, y)). The laplacian polynomial of
intuitionistic fuzzy graph is the characteristic polynomial
of its Laplacian matrix ¢ (IG, p) = det(fil, —L(IG)). The
roots of ¢ (IG, p) is the intuitionistic fuzzy Laplacian
Eigen values of IG.

For this purpose, we define the Laplacian energy of
intuitionistic fuzzy graph IG is defined as

Theorem 3.1: Let G = (V,E,o,p) be an intuitionistic fuzzy
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graph graph with |p|-,vertices and /i, >4, >..> i,
is the Laplacian Eigen values of membership values of
intuitionistic fuzzy graph then

IZ)‘Z_Z Z /1‘1]22)‘2_2 Z %JFZ 1(6) i

1<i<j<n 1<i<j<n

Proof: 1. Since ]:[ 14 (G)] is a symmetric matrix and those
Laplacian Eigen values are non negative such that

=Ly (6)))= Zd o(m)=2 3 u

1<i<j<n

2. According to definition of Laplacian matrix, we have

du‘r(r;) (u] ) —K (ul Uy ) —H (1/[1 U )
7#(142,“] ) dl‘U(GJ (uz) 7:“’(”2)”;1)
—p(u,, > ;) _H(”wuz) d, © ()

if

Then obtain tr ()= i 1}

Where
(L) = [y, 6 (1) + 127 Gy 1) o 42 (1, )1 4

[ (uy, 1y )-%—dz (G)(u2)+ P (W )] A e [ (1) + 0 (1 1) e +di”(c)(un)]

_22 ”J+Z () ()

Similarly we can prove that for the non membership
function intuitionistic fuzzy Laplacian matrix as

25 =2

1<i<j<n

2. 252—2 > %Jrz% ;)

1<i<j<n

Where 6, > 6, >...> 6, is the Laplacian Eigen values of
membership values of intuitionistic fuzzy graph.

Corollary 3.1: Let IG = (V, E, 0, i ) be an intuitionistic
fuzzy graph of membership function with |V| = n vertices
and A > A >.. >, is the membership Laplacian Eigen

values of intuitionistic fuzzy graph ,where 23

o\ s
then we obtain =) .
I-Zf,- =0(b)25,2 —2M 2
23
Where M= Z M’l + Z #(:) i _%
1<i<j<n n

Similarly for membership Laplacian Eigen values of

2 Z a then

1<i<j<n

intuitionistic fuzzy graph where,

Xi:(si_
n
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we have

1.ZX,. :o(b)zxf =2N 2
: i 235
Where N = S l]_,_zz =

1<i<j<n n

Definition 3.7: Let G=(V,E,o,u) be an intuitionistic
fuzzy graph with |V| = n Vertices and A=A, 2.2 A,
is the membership Laplacian Eigen values of IG. The
Laplacian energy intuitionistic fuzzy graph is defined as,

2 Z u(ui,uj)

LE(1,(G))= )\i_%

The Laplacian energy of intuitionistic fuzzy graph G =
(V,E, i, y) is defined as [LE(M,-,- (G)),LE(yij (G))]

Example 3.3: For an intuitionistic fuzzy graph in
Figure 3
spec(L(pij(Gs))):{0.0,l.5520,1.8506,2.5975}
spec(L(y,(G,)))={0.0,0.5210,1.0900,1.7890}

LE(1, (6,))= [0 2?] +15520- 213)] + [1.8506 - zf)] + {2.5975 2?]

=1.5+0.052+0.3506+1.0975 = 3.0001

LE(7,(G,)) = [0—2(27> +[0.5210—2<Z7) +[1.0900—2(27)] 1 7890 (i 7)J

=0.85 +0.329+0.24+0.939 =2.358
Here S u(ui,u]):0.6+0.5+0.3+0.3+O.8+0.5:3 and

1<i<j<n

> upu) = 0.2+40.2+0.6+0.1+0.1+0.5 = 1.7

1<i<j<n

- The Laplacian energy of an intuitionistic fuzzy graph
G, is [3.0001,2.358]

4. Results

Theorem 4.1: Let G be an intuitionistic fuzzy graph (with
out loops) with |[V| = nand |E| = m and (IG) = ((F‘g)’ (Yij))
be an intuitionistic fuzzy adjacency matrix and L(IG) =
(L( pij), (Yg)) be an intuitionistic fuzzy laplacian matrix of
G then
1. 2 Z U i

LE(n; (G)) < 123wy +Z ,,(G) u)— ] n

1<i<j<n n

IN
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LE(,(G))< 12 3° 7,]+Z _dge ||

1<i<j<n n

Proof: Apply Cauchy —-Schwarz inequality to (1,..., 1)
and ([g |,|E,|,---[E ), we get

2 " 2
i S nz|€z|
=1 i=1

Where LE(, (

G)) < ni|§i| =+2Mn

SinceM = S 42+ Z d,  (u)——==2=__| we have
i n

1<i<j<n

2
2 Z ;
LBy (@)= 12 32 4 421, )~ o

1<i<j<n y n

Similarly, we can prove

2
2 Z Y

I<i<j<n n

Theorem 4.2: Let G be an intuitionistic fuzzy graph with
|V| = n and L(IG) = ((pij), (yij)) be an intuitionistic fuzzy
Laplacian matrix of G then

2 Z u; ’
Z ’u’]+ Z dll’.(c) (ui)iﬂ

1<i<j<n 4 n

1.LE(1;(G))>2

S o4t Z d, | ()T

1<i<j<n ¢ n

2.LE(v,(G))>2

Proof: From the definition 3.7, we have

(LE(M,-J-(G)))ZZ Zi;lf,-l}z Zlfl +2 3 feflg|=am

1<i<j=<n
We get 213%;91%
LE(Mz‘j (G))SZ Doyt Z “<G> )=
1<i<j<n n

Hence the result.
Similarly

- 6 | vols (33) | December 2015 | www.indjst.org

220 W 2
> ea3la, ()~

1<i<j<n n

LE(7,(G)) <2

Theorem 4.3: Let G be an intuitionistic fuzzy graph with
|V| = n and L(IG) = ((pij), (yij)) be an intuitionistic fuzzy
Laplacian matrix of G then

ZZu

ij
I'LE(N(G))SEI (n—1)|2 Z ,%_A,_Z » _& —612
1<i<j<n n
2
22, %
2 1e(r@) 5+ Jubf2 T S, )22

1<i<j<n

Proof: Apply Cauchy -Schwarz inequality to (1,...,1) and
((1&,1-[E, |5+ [E, ) we get
~ 2)

‘Zf

WhereLE(u(G))—§ < (nfl)(ZMfglz%
Lo > Hy ’
Since M = 3 yi+33 |d,, ()22 ],

Ei<j<n 1:1L 5 t

< (n—l)(|£2|2 ot

thus

B@)<E + 0]z 5 i +3d,, ()| g
1<i<j<n
This complete the proof

ZZVUZ

1<i<j<n

LE(Y(G) <%, + |[(n—-D[2 Y v§+2n) d, (u) %

1<i<j<n i—1 n

Corollary 4.1: Let G be a k-regular intuitionistic fuzzy
graph with |V| =nand
L(IG) =(L(1(G))) =(L(y(G))) bean k-regular intuitionistic
fuzzy graph laplacian matrix of G then

LLE(u(G)) <& + \/n 1)[2 Z 115 — 51]
2.LE(v(G))< % + J(n 1\[2 Z =X

1<i<j<n

Proof: Since G is a k-regular intuitionistic fuzzy graph

and 21<Z:< Hy
k=d, g ()= %

Substituting this in the previous theorem we have

S ow-§&

1<i<j<n

LLE(u(G)) <& + \/ (n—1)|2
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Similarly we have

2~LE(V(G))§>”<1+\/(n—1)[2 S y-ul

1<i<j<n

Example 4.1: (Illustration to Theorem 4.1 and 4.2) for
intuitinistic fuzzy graph in Figure 3b.
LE (u(G,))=3.0001 itslower bound = 2.6758 and upper
bound = 3.78.
LE (y(G,)) = 2.358
bound = 2.6608

its lower bound = 1.881 and upper

5. Conclusion

The Laplacian matrix and energy for an intutionistic fuzzy
graph are defined. Some results on Laplacian spectra of
intutionistic fuzzy graphs may reveal more analogous
results of these kinds and will be discussed in the forth
coming papers.
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