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1 UVOD

Problemi gubitka stabilnosti armiranobetonskih, a jo$
viSe €eli€nih konstrukcija, veoma su aktuelni, a posebno
imajuc¢i u vidu zelje projektanata da grade atraktivne
objekte velikih visina i raspona, odnosno velike vitkosti.
ProraCun ovakvih objekata, posebno iz aspekta analize
njihove stabilnosti, zahteva primenu sloZenih numerickih
modela. lako postoji znacajan broj radova u literaturi,
posvecenih raznim problemima stabilnosti konstrukcija, i
dalje ima dosta nereSenih ili nedovoljno reSenih
problema, posebno kada je re¢ o ponaSanju realnih
gradevinskih konstrukcija u elasto-plasti€énoj oblasti.

Istrazivanja u oblasti stabilnosti linijskih nosaca,
pocevsi od prvih radova Euler-a krajem osamnaestog
veka pa sve donedavno, uglavhom su se bazirala na
reSavanju diferencijalnih jednacina izvijanja Stapa
izvedenih prema teoriji drugog reda. Da bi se taj problem
lakSe reSio kada su u pitanju slozene konstrukcije,
istrazivaci su vrSili odredena upro$cenja tako da su, na
primer, konstrukcije podelili na sisteme Stapova s
nepomerljivim évorovima i sisteme Stapova s pomerljivim
¢vorovima. Takode su posebno izu€avali Stapove sa
elastiénim ukljeStenjima na jednom ili oba kraja, i to u
kombinaciji sa elasticnim osloncima ili bez njih.
Numericki izrazi i graficki prikaz dobijenih rezultata za
kritiéno opterecenje dati su, na primer, u [1], [12].
Kori§¢enjem navedenih izraza, na relativno jednostavan
nacin moze da se obavi i prora¢un viSespratnih okvira.
Metode koje se najceSce koriste u tom slucaju jesu
proracun kori§¢enjem jednacina obrtanja i kori§¢enjem
izraza za rotacionu krutost [1], [17]. Navedeni postupak
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1 INTRODUCTION

The problems of instability of reinforced concrete
structures and, even more, of steel structures, are very
contemporary, particularly having in mind desires of
engineers to build attractive tall structures with high
slenderness. Design of these structures, especially from
the viewpoint of their stability, requires an application of
complex numerical models. Although there are a
significant number of papers in the literature devoted to
the various problems of structural stability, there are still
a lot of unsolved or inadequately solved problems,
especially in the case of the real behavior of structures in
elasto-plastic domain.

Research of the stability of linear structures, starting
from the first Euler's investigations at the end of the
eighteenth century, until recently, was mainly based on
solving the differential equation of buckling according to
the second order theory. In order to find simple solutions
for the more complex structures, the researchers perfor-
med some approximations in their calculation. It means
that members which are “isolated” from the structure,
with different boundary conditions, were analyzed. Also,
separately sway and non-sway structures were con-
sidered. Numerical expressions and graphical represen-
tation of the obtained results for the critical load can be
found, for example in [1], [12]. Such approximations
were also used to formulate procedures for calculations
of multi-story frames. The most used methods for this
type of calculation are slope deflection method and
stiffness distribution method, and they can be found in
the literature, for example [1], [17]. The above procedures

Stanko Cori¢, Ph.D., assistant professor, University of
Belgrade, Faculty of Civil Engineering, Bulevar kralja
Aleksandra 73, Belgrade, Serbia, cstanko@grf.bg.ac.rs
Stanko Bréi¢, Ph.D., full professor, State University of Novi
Pazar, Vuka Karadzi¢a bb, 36300 Novi Pazar, Serbia,
stanko.brcic@gmail.com

GRADEVINSKI MATERIJALI | KONSTRUKCIJE 59 (2016) 3 (27-44)
BUILDING MATERIALS AND STRUCTURES 59 (2016) 3 (27-44)

27



proracuna viSespratnog okvira s jednim poljem moze da
se primeni i kada su u pitanju znatno sloZenije
konstrukcije okvira s viSe polja. Naime, u ovom sluc¢aju
se problem okvira s viSe polja moze svesti na proracun
ekvivalentnog okvira s jednim poliem, kao S$to je
prikazano u [22], [23]. U opStem slu€aju, zbog razli€itih
dimenzija stubova i rigli, kao i razliitog optereéenja,
viSespratni okviri s viSe polja ne mogu da se zamene
jednim ekvivalentnim okvirom i da se na taj nacin odredi
njihovo kriti€no opterecenje. Zato su pojedini autori
reSenje problema potrazili u primeni nekih drugih
metoda, kao npr. energetskog postupka [16].

Teorijske osnove proracuna izolovanog Stapa bile su
baza za donoSenje nacionalnih i evropskih propisa o
stabilnosti okvirnih nosaca [10], [11] i [25]. Medutim,
primena ovih propisa ukazala je na to da takav proracun
u pojedinim slu¢ajevima dovodi do greSaka, jer je on
priblizan [7]. Usled toga, poslednjih godina radi se na
pobolj$anju ovih pribliznih metoda prorac¢una. Tako se,
na primer, navodi analiza [15] koja ima cilj da se
poboljSaju ulazni parametri koji definiSu krutost okvirnog
nosaca, a samim tim i tacnije odrede koeficijenti
efektivne duzine izvijanja kod viSespratnih okvira.

Na kraju ovog uvoda, treba naglasiti primenu metode
kona¢nih elemenata kao najefikasnije metode za
numericku analizu stabilnosti okvirnih nosaca. Naime,
kao $to je poznato, u linearnoj teoriji prvog reda matrica
krutosti konanog elementa zavisi od geometrije
elementa i od mehanickih karakteristika materijala. Kad
je u pitanju problem stabilnosti, on ne moze da se resi
prema teoriji prvog reda i potrebno je sprovesti proracun
prema teoriji drugog reda. To ima za posledicu da je
neophodno u proracun uvesti matricu krutosti koja zavisi
i od aksijalnih sila. Uobi¢ajeno upro$éenje u ovom
proracunu prema teoriji drugog reda jeste da se problem
aksijalnog naprezanja i problem savijanja Stapa definiSu
nezavisno jedan od drugog. To omogucéuje da se i
odredivanje matrice aksijalne i transverzalne krutosti
Stapa mogu razmatrati razdvojeno, kao dva medusobno
nezavisna problema. Primenom metode konacnih
elemenata u analizi stabilnosti linijskih nosaca bavili su
se mnogi istrazivaci, kao npr. [14], [2], a takode je
primenjena u savremenim komercijalnim programima za
ovu vrstu analize (SAP2000, STAAD...). Treba
napomenuti da se standardno reSenje metode konacnih
elemenata dobija preko geometrijske matrice krutosti. U
ovom radu bice dato reSenje gde su matrice krutosti
izvedene koriS¢enjem interpolacionih funkcija koje se
odnose na ta¢no reSenje diferencijalne jednacine
savijanja Stapa prema teoriji drugog reda. Takode, pri
prora¢unu se osim geometrijske uvodi i materijalna
(fizicka) nelinearnost, pa su matrice krutosti izvedene
koris¢enjem tangentnog modula elasti¢nosti koji prati
promenu krutosti Stapa u neelasti¢noj oblasti.

Pristup koji se zasniva na primeni teorije tangentnog
modula u poslednje vreme dosta je razmatran u
literaturi, i pri tome moze da se izdvoji reSenje koje je
dato u [24]. Rezultati dobijeni u ovom radu pokazuju da
se predlozenom analizom stabilnosti u neelasti¢noj
oblasti moze izracunati kriti€na sila ¢€elicnih okvirnih
nosaca i na taj nacin obaviti proracun takvih nosaca.

for calculation of one-bay multi-storey frames can be
applied for more complex multi-bay frames. Namely, in
this case, the calculation of multi-bay framework can be
reduced to calculation of equivalent one-bay frame, as it
is shown in [22], [23]. Sometimes, the framework
because of its irregularity can not be reduced to an
equivalent single-bay frame in order to calculate their
critical load. In that case, some other procedure, based
on the linear elastic analysis, such as energy method
[16], are suggested.

Theoretical approach based on the calculation of
isolated member was applied in the national and
European regulation for the stability of frame structures
[10], [11] and [25]. However, the application of these
codes shows that such calculation, in some cases, may
lead to the substantial errors, because obtained results
are approximate [7]. Therefore, in recent vyears,
considerable effort has been made in order to improve
these approximate calculation methods. So, for example,
the objective of the analysis [15] is to propose improved
input parameters for the determination of the effective
buckling length coefficient of columns in multi-story
frames.

At the end of this introduction, it shoud be empha-
sized application of the finite element method as the
most effective method for numerical analysis of stability
of frame structures. Namely, it is well known that in the
linear first order theory, stiffness matrix is the function of
geometry of the element and the characteristics of the
material. However, stability problem can not be solved
by the first order theory, and it is necessary to perform
calculation according to the second order theory. There-
fore, calculation should be performed using the stiffness
matrix which depends upon the axial forces in the
element. Usual simplification in this calculation according
to the second order theory is that the axial loading and
bending problems are considered independently from
each other. This enables that the determination of the
matrix of axial and transverse stiffness of the member
can be considered as two separate problems. The finite
element method was investigated by many authors, for
example [14], [2], and also it is used in modern com-
mercial programs for such kind of analysis (SAP2000,
STAAD, ...). In the usual approach, the finite element
method is based on the geometric stiffness matrix as a
part of the tangent stiffness matrix. In this paper it is
given solution where stiffness matrix is derived using
interpolation functions related to the exact solution of the
differential equation of bending of a beam according to
the second-order theory. Also, in this analysis, in
addition to geometric nonlinearity, the materially (or
physically) nonlinear analysis is also taken into account.
It means that stiffness matrices are derived using the
tangent modulus that is stress dependent and follows
changes of the member stiffness in the inelastic domain.

The approach that is based on the application of
tangent modulus theory is also discussed in the
literature, and solution given in [24] can be specified.
The results obtained in this paper show that the
proposed inelastic buckling analysis suitably evaluates
the critical load and failure modes of steel frames, and
can be a good alternative for the evaluation of critical
load in the design of steel frames.
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2 STABILNOST OKVIRNIH NOSACA U ELASTO-
PLASTICNOJ OBLASTI

Kao $to je poznato, pri izvijanju Stapa dolazi do
njegovog savijanja usled aksijalne sile. Pri reSavanju
problema stabilnosti, diferencijalna jednacina ravnoteze
Stapa koristi se u obliku:

2 STABILITY OF THE FRAMES IN ELASTO-PLASIC
DOMAIN

It is well known that during the member buckling,
axial force produces the bending of the member. The
basic differential equation of this stability problem is:

VHkH =0 (1)

gde je k =~/ P/ EI, P je aksijalna sila, El krutost Stapa
na savijanja, dok v predstavlja ugib normalan na
prvobitnu (nedeformisanu) osu Stapa. Kada se izvijanje
deSava u elasti¢noj oblasti, modul elasti¢nosti E ima
konstantnu vrednost.

Kao $to je ve¢ istaknuto, u metodi konacnih eleme-
nata uobiajeno je da se ova diferencijalna jednacina
reSava koriste¢i priblizno reSenje u obliku polinoma.
Medutim, cilj ovog istrazivanja je da se dode do tacnih
reSenja problema stabilnosti okvirnih nosaca, tako da se
ovde koristi tatno reSenje diferencijalne jednacine (1),
koje je dato preko trigonometrijskih funkcija:

where k is equal to «/P/EI, P is axial force, El is
member bending stiffness, and v represents lateral
deflection. When the buckling occurs within the elastic
range, the modulus of elasticity E has a constant value.

As it is well known, in the finite element method it is
usual to use approximate polynomial solution for this
differential equation. However, the main aim of this
instigation is to apply exact solutions on the problem of
stability of frame structures. In order to formulate that
exact matrix stability analysis, shape functions are used
in the trigonometric form, according to the solution of
equation (1):

v(x) =, +a,kx+ o, sin (kx) + a, cos (kx) @

Matrica krutosti koja se dobija po teoriji drugog reda
za Stap koji je opterecen silom pritiska, odnosno silom
zatezanja prikazana je, na primer, u [6].

Numericki primeri u kojima je analizirana primena
dobijene matrice krutosti dati su u [7], [6]. Pri tome je
kriti€no opterecenje dobijeno kao koren transcendentne
jednacine, koja predstavlja uslov da je determinanta
odgovarajuce matrice krutosti jednaka nuli. Iz dobijenih
rezultata zaklju¢eno je da se velike greSke mogu javiti
kada se primenjuje klasi¢na (linearna) metoda konacnih
elemenata. Treba napomenuti da ove greSke mogu da
se smanje ako se broj konacnih elemenata dovoljno
poveca. Medutim, problem ovog pribliznog postupka je u
tome $to je potrebno stalno vrsiti kontrolu da bi se videlo
koliki broj kona¢nih elemenata je potreban da bi se
dobilo konvergentno reSenje. Ovo je i razlog zasto su u
ovoj analizi koriSéene interpolacione funkcije u trigo-
nometrijskom ili hiperbolicGkom obliku. Glavna prednost
takvog pristupa je u tome Sto daje, uslovno receno,
tacna reSenja i ukupan broj konacnih elemenata je pet
do deset puta manji nego u uobi¢ajenom postupku s
primenom geometrijske matrice krutosti. Nedostatak je u
tome $to umesto problema sopstvenih vrednosti, za ¢ije
reSavanje postoje nekoliko dobro poznatih postupaka
(npr. iteracije unutar potprostora, Lanczos-ov postupak,
itd...) problem izvijanja svodi se na reSavanje transcen-
dentne jednacine koja je funkcija, na veoma kompliko-
van nacin, aksijalne sile u stubovima i gredama. Zato je i
formulacija odgovarajuc¢ih algoritama i kompjuterskog
programa za reSavanje ovakve vrste problema jedan od
glavnih nau¢nih doprinosa ovog istrazivanja.

Kao $to je ve¢ receno, analiza problema stabilnosti
zashiva se na proracunu prema teoriji drugog reda. To
znaci da se razmatra geometrijski nelinearan problem
zato $to su uslovi ravnoteze napisani na deformisanoj
konfiguraciji nosaca, odnosno uzima se u obzir izme-
njena geometrija nosaca do koje se dolazi usled
deformacija nastalih pod zadatim optereéenjem. Kada je
u pitanju veli¢éina naprezanja u pojedinim Stapovima
nosaca, pretpostavljeno je da je posredi problem elas-
ti€ne stabilnosti, odnosno da sve vreme do dostizanja

Obtained stiffness matrix for the members subjected
to compressive and tension forces can be found, for
example, in [6].

Numerical analysis related to this problem is given in
[7], [6]. The critical buckling loads are obtained from the
roots of the transcendental equation, representing the
condition that the determinant of the corresponding
stiffness matrix is equal to zero. From the results of
performed analysis it was concluded that when the
classic (linear) finite element method is used, large
errors for values of critical load might be obtained. It
should be noted that this errors could be reduced, if the
number of member elements in approximate solution is
increased. But, the problem of this approximate
procedure is also that it is necessary to perform previous
control analyses in order to obtain how many finite
elements are needed for convergent solution. These
arguments present the reason why in this analysis the
interpolation polynomials in the form of trigonometric or
hyperbolic functions, sometimes known as the stability
functions, are used. The main advantage of such an
approach is that it gives, conditionally speaking, exact
solutions and the total nhumber of finite elements is 5-10
times less than in the usual approach based on the
geometric stiffness matrix. Disadvantage is obvious:
instead of the generalized eigenvalue problem, for which
there are several well established methods (e.g. the
subspace iteration, Lanczos method, etc), the buckling
problem is reduced to the solution of the transcendental
equation which depends, in a very complicated way,
upon the normal forces in columns and beams. So,
formulation the suitable algorithms and corresponding
computer program for solving such kind of problems is
one of the main scientific contributions of this analysis.

As it was already mentioned, the stability analysis is
performed according to the second order theory. It
means that geometrically nonlinear problem is analyzed
since the equilibrium conditions are applied on the
deformed configuration of the member. Taking into
consideration the stress value in the analyzed columns,
it is assumed that this is a problem of elastic stability. It
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kriti€ne sile naponi (ox) u svim Stapovima ne prelaze
granicu proporcionalnosti (op) materijala od koga su
napravljeni.

Prorac¢un na bazi teorije elasti¢ne stabilnosti Siroko je
primenjen u inZzenjerskoj praksi, posto se polazi od toga
da se gradevinske konstrukcije uglavnom ponaSaju
elasticno kada su izlozene svakodnevnim eksploata-
cionim optere¢enjima. Zato je razumljivo da ovaj vid
proratuna predstavlja osnovu standarda (propisa) za
analizu stabilnosti okvirnih konstrukcija [10], [11] i [25].
On je definisan kroz odredivanje tzv. efektivne duzine
izvijanja pojedinih Stapova okvirnih nosaca.

Proracun stabilnosti okvirnih nosaca komplikuje se
ukoliko pre dostizanja kriticnog opterecenja pojedini
Stapovi udu u fazu nelinearnog ponasanja materijala. To
znadi da se u njima javljaju naponi koji su veéi od
granice proporcionalnosti. Time ovaj proracun dobija jos
jedan vid nelinearnosti zato Sto postaje i materijalno
(fizicki) nelinearan problem.

Kao $to je poznato, polaze¢i od Euler-ove kriticne
sile, kriti€ni napon u Stapu moze se predstaviti u funkciji
modula elasti¢nosti (E) i vitkosti (A):

O = =

gde su: A - povrSina poprec¢nog preseka, i=+/1/A -
poluprecnik elipse inercije i /1,. - vitkost Stapa.

Jednacina ove hiperbole vazi sve dok je kriticni
napon manji od granice proporcionalnosti, slika 1. Kada
je ovaj napon prekoracen, izvijanje se deSava u plasti-
¢noj oblasti. Prou¢avanjem stabilnosti Stapova koji se
izvijaju u plasti¢noj oblasti prvi se bavio Bauschinger koji
je vrSio eksperimentalna istrazivanja krajem devetnaes-
tog veka. Na bazi ovih rezultata i sopstvenih istrazivanja,
Tetmajer je nesto kasnije prvi dao izraz za vezu napona i
vitkosti u plasti€noj oblasti. On je predlozio linearnu vezu
u obliku:

o, =0, za 0<A4<60
0,=C-C,-A za 60<A<A4,

gde je A= /E/Jﬂ vitkost na granici proporcional-

nosti.

Graficki prikaz ove veze dat je na slici 1.

U okviru daljih istrazivanja u ovoj oblasti istice se i
rad Engesser-a [9] koji uvodi pojam tangentnog modula
elasti€nosti. Kasnije su se i mnogi drugi naucnici bavili
ovom problematikom. Tako su na primer Karman i
Shanley izvrSili modifikaciju Engesser-ove krive. Neke
od najznacajnih krivih izvijanja u plasti¢noj oblasti
prikazane su na slici 2.

| pored brojnih istrazivanja, kako eksperimentalnih
tako i teorijskih, problem izvijanja Stapova, a posebno
okvirnih nosaca u elasto-plasti€noj oblasti nije do sada u
potpunosti reSen. Tek se s razvojem kompjuterske
tehnike stvorila moguénost za sveobuhvatno reSenje
ovog problema. Treba napomenuti da su se ovim
problemom u poslednje vreme bavili mnogi autori €iji su
rezultati prikazani u [24], [5] i [13].

P. 7’EI L, E
=T, T
I’A yh

means that when the critical load is reached, stresses
(0¢r) in all columns do not exceed the proportionality limit
of the material (op).

Calculation based on the elastic stability theory is
widely applied in the engineering practice, because it
can be assumed that engineering structures have
generally elastic behavior when they are subjected to the
usual working loads. Therefore, it is clear that such
theory is the basis of the standards for the stability
analysis of the frame structures [10], [11] and [25], and
this calculation is defined by the determination of the
effective buckling length of the compressed columns.

Stability calculation becomes more complicated if,
before the critical load is achieved, some compressed
members enter into the phase of nonlinear material
behavior. It means that stresses in such columns
become higher than the proportionality limit. Therefore,
such calculation obtains another type of nonlinearity and
it becomes also materially (or physically) nonlinear
problem.

Taking into consideration well known expression for
the Euler’s critical force, critical stress in a member may
be expressed as a function of the modulus of elasticity
(E) and the slenderness ratio (Aj):

@)

where: A is cross-sectional area, i =+/// A is radius of
inertia, and /Ii is slenderness ratio of the member.

Equation (3) is given by hyperbola function and it is
valid until the critical stress is less than a proportionality
limit, as it is shown in Figure 1. When the critical stress
is exceeded, the member is buckling in the plastic range.
Many scientists were dealing with this problem.
Bauschinger first made an experimental study at the end
of the nineteenth century. On the basis of this results
and his own research, Tetmajer later suggested
expression for the linear relation between stress and
slenderness in the plastic domain:

o, =0, for 0< A1 <60
c,=C-C,-4 for 60<A<A4,
where /1,, =7 /E/O'p is the slenderness at the

proportionality limit.
This linear function is also given in the Figure 1.
Engesser [9] also made the significant contribution

by introducing the concept of the tangent modulus.
Many other scientists also investigated these problems,
as Karman and Shanley who modified Engessers curve.
Some of the most significant buckling curves in the
plastic domain are given in Figure 2.

Despite numerous experimental and theoretical
studies, buckling problem, especially for the frames in
the elastic-plastic domain, has not been completely
solved. Fast development of computer technology has
created the opportunity for a comprehensive solution of
this problem. It should be mentioned that this problem
recently was investigated by many authors whose
results are presented, for example, in [24], [5] and [13].
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Slika 1. Graficki prikaz Ojlerove hiperbole i Tetmajerove
prave
Figure 1. Graphical display of Euler’s hyperbola and
Tetmajer's line

U ovom radu je primenjena metoda konacénih
elemenata kao najefikasnija numericka metoda za
reSavanije stabilnosti okvirnih nosaca. Kao Sto je dobro
poznato, za odredivanje kriti€cnog opterecenja primenom
ove metode koristi se matri¢na jednacina u obliku:

Lt s T el

Ap

Slika 2. Krive izvijanja u plasticnoj oblasti

Figure 2. Buckling curves in the plastic domain

In this paper, the finite element method as the most
efficient numerical method for solving such kind of
problems is applied. As it is well known, using this
method, the critical load can be obtained from the
homogeneous matrix equation as the non-trivial solution:

Kq=0 (4)

U okviru teorije elastiche stabilnosti, matricna
jednacina (4) reSava se inkrementalnim postupkom tako
Sto se opterecenje povecava u zadatim inkrementima
sve dok se ne dode do kriticne vrednosti iz uslova det
K=0. Pri tome, u svakom Stapu modul elasti¢nosti E ima
konstantnu vrednost. Medutim, kod elasto-plasti¢ne
analize postupak prora¢una je komplikovaniji. Naime, pri
svakom inkrementu optereéenja, u Stapovima gde je
predena granica proporcionalnosti, mora da se promeni i
krutost Stapa, odnosno koristi se novi tangentni modul E;
za taj Stap. To znadi i da su matrice krutosti koje se
koriste u slu€aju nelinearnog pona$anja materijala
kompleksnije.

Da bi se sproveo proracun stabilnosti u neelastiénoj
oblasti, potrebno je poznavati fizicko-mehanicke karak-
teristike materijala. Kao $to je poznato, kada su u pitanju
gradevinski materijali poput Celika i betona, veza izmedu
napona i deformacije iznad granice proporcionalnosti po-
staje nelinearna. Na bazi eksperimentalnih istrazivanja
moze se doéi do ove zavisnosti, tj. dijagrama koji pri-
kazuju vezu izmedu napona i deformacija sve do nivoa
naprezanja kada dolazi do iscrpljenja nosivosti materi-
jala, odnosno loma nosec¢ih elemenata konstrukcije.
Tipi€an dijagram, kada je u pitanju gradevinski Celik,
prikazan je na slici 3.

i

This problem can be solved by an incremental
process, by increasing the load at the specified
increments until the critical value is reached, i.e. until det
K = 0. In the case of elastic stability problem, the
modulus of elasticity E has a constant value. But,
elastoplastic analysis is more complicated. For the
structural member where the proportionality limit is
exceeded, for each new load increment the member
stiffness has to be changed and the corresponding
tangent modulus Et should be used for that member. It
means that the stiffness matrices applied in the case of
non-linear material behavior are more complex.

In order to implement the calculation of stability in
inelastic range, it is necessary to know the physical and
mechanical properties of materials. As it is well know, for
the building materials (steel, concrete, ..) the
relationship between stress and strain above the
proportionality limit becomes nonlinear. On the basis of
experimental results it is possible to obtain this diagram,
which represents the relationship between stress and
strain before the load bearing capacity is so reduced that
the fracture of structure elements occurs. Typical stress-
strain diagram of structural steel is given in Figure 3.

a

L]

= 8 ey

Slika 3. o-¢ dijagram celika
Figure 3. Stress-strain diagram of structural steel
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Ovaj dijagram pretstavlja vezu izmedu napona o i
deformacije € aksijalno pritisnutog Stapa, gde je sa op
obeleZzen napon na granici proporcionalnosti, a sa ov
napon te€enja. Do granice proporcionalnosti modul
elasti¢nosti E ima konstantnu vrednost i funkcija je samo
vrste materijala. Sa daljim rastom optere¢enja, ovaj
modul postaje i funkcija nivoa naprezanja Et = f(o) i
naziva se tangentni modul [4]. Za razliku od E koji zavisi
od karakteristika materijala, Et je u funkciji i napona.

Na bazi eksperimentalnih istrazivanja, jedna od
najceSc¢e korisc¢enih veza izmedu ova dva modula, kada
je u pitanju gradevinski ¢elik, moze se usvoijiti u obliku
[19], [8]:

E =4E-

t

Ovo je empirijski izraz koji pokazuje ponaSanje
¢eliénih stubova u neelasti¢noj oblasti. Ova zavisnost je
koriS¢ena pri formiranju programa ALIN za nelinearnu
elasto-plasti¢nu analizu okvirnih nosaca.

Matrice krutosti kod nelinearnog ponasanja materi-
jala imaju formalno isti oblik kao i pri linearnom pona-
Sanju materijala, ali se sustinski bitno razlikuju zato Sto
se u svim ¢lanovima umesto w javlja wt, a umesto
konstantnog modula elasti¢nosti E javlja se tangentni
modul Et koji zavisi od nivoa naprezanja u elementu.
Tako za slucaj Stapa tipa ,k”, koji je opterecen silom
pritiska, imamo:

o

This diagram shows the relationship between stress
o and strain € of the axially loaded member, where op is
the stress at the proportionality limit and ov is the yield
stress. Below a proportionality limit, modulus of elasticity
E is constant and it is function only of the material
properties. Above this point, inelastic behavior occurs
with a gradually decreasing resistance of material,
measured by the tangent modulus Et [4]. While E is only
a function of the type of material, Et is a stress
dependent function.

On the basis of experimental research, one of the
most used expressions that describe relationship
between these two modules, for the structural steel, is
given in the form [19], [8]:

<)
O-V

This is an empirical expression designed to repre-
sent the behavior of structural steel columns in the
inelastic range. This expression was used in this ana-
lysis for developing program ALIN for the nonlinear
elastic-plastic analysis of frame structures.

Stiffness matrix for nonlinear material behavior has
the same form as for the linear behavior of the material,
but they are essentially very different. Namely, the
difference is primarily in the fact that constant modulus E
is replaced by stress dependent tangent modulus Et,
and value w is replaced by wt. So, for the member of the
so-called type “k“ (i.e. clamped at both ends), subjected
to compressive force, stiffness matrix is:

o, sin, a)lzl (1-cosw,) — ] sin o, wl(1-cosw,)
E1I o, I*(sinw, —w,cos®,) —a]l(1-cosw,) o, I*(w, —sin,)
= , 6
PA, @, sin @, —wl(1-cos®,) ©
symm. o, 1> (sinw, — w, cos ,)
gde je: where:
I)crl Pcr i
E, =4E- ’ l-——= 7)
A-o, A-o,
P,, 1 1
o= |-2.]=—Ac,I- ®)
E, 2 El(Ac,-P,,)
A =2 (1 —COS®, ) -, - SINO, 9

Matrica krutosti za Stap tipa ,g”, kao i matrice krutosti
za Stapove koji su izlozeni sili zatezanja prikazani su u
[6]-

3 PROGRAM ALIN ZA ANALIZU STABILNOSTI
NOSACA

Numericka analiza u ovom radu je obavljena
primenom programa Kkoji je napisan u C++ programskom

Stiffness matrices of the member of the type “g” (i.e.
hinged at one end and clamped at the other), and
stiffness matrices for the members subjected to tension
force are given in [6].

3 PROGRAM ALIN FOR STABILITY ANALYSIS OF
FRAME STRUCTURES

The numerical analysis in this paper is performed
using the code, developed in the C++ programming
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jeziku. Program je nazvan ALIN i namenjen je
kompleksnoj analizi linijskih nosaca u ravni i prostoru.
Osnovne moguénosti ovog programa jesu analiza po
teoriji prvog reda i linearizovanoj teoriji drugog reda
(geometrijski nelinearna analiza), dinamicka analiza, kao
i analiza stabilnosti, odnosno proracun kriticnog
optere¢enja u elasti¢noj i neelasti¢noj oblasti. Detaljan
opis i razvoj ovog programa pre svega je prikazan u [26],
a takode i u [6]. Treba istaCi da se jedan od glavnih
cilieva ove analize sastoji u formiranju programa ALIN u
delu koji omoguéuje efikasno reSavanje problema
stabilnosti u elasto-plasti¢noj oblasti primenom ,tacnih”
izraza za matrice krutosti koje su izvedene u
prethodnom poglavlju.

4 ISTRA?IVANJE STABILNOSTI OKVIRNIH
NOSACA PRIMENOM PROGRAMA ALIN

4.1 Ponasanje okvirnih konstrukcija u elasto-
plasti¢noj oblasti

Proracun stabilnosti okvirnih nosaa u elasto-
plasti¢noj oblasti, zbog svoje slozenosti, nije zastupljen u
svakodnevnim inzenjerskim proradunima. Zato se ni u
postoje¢im standardima ne trazi ovaj vid proracuna.
Naime, odredivanje kriticne sile, odnosno kriticnog
napona u plasti¢noj oblasti za Stapove okvirnog nosaca
obavlja se na bazi prorauna u elastiénoj oblasti i
koris¢enjem empirijskih izraza i krivih koje su dobijene
na osnovu brojnih  eksperimentalnih istrazivanja
ponasanja izolovanih Stapova u plasti¢noj oblasti. Ovde
¢e se pokazati da se primenom programa ALIN moze
uspesno obaviti proracun stabilnosti okvirnih nosaca i u
elasto-plasti¢noj oblasti. To s jedne strane omogucuje
inZenjerima da koriSéenjem ovakvih kompjuterskih
programa povecaju ta¢nost svojih proraduna i sagledaju
stvarno pona$anje okvirnih nosaca u elasto-plasti¢noj
oblasti. S druge strane, primena ovog nacina proracuna
treba da bude impuls za osavremenjivanje postojecih
standarda u delu koji se odnosi na neelasti¢no
ponas$anje ramovskih konstrukcija.

U nastavku je prikazan numericki primer
Sestospratnog okvira s tri polja (tj. ¢etiri reda stubova),
slika 4. Razmatran je sluaj ukljeStenog okvira s
pomerljivim i nepomerljivim &vorovima. Analizirano je
opterecenje koje deluje na svakom spratu, tj. slu¢aj kada
se aksijalna sila u stubovima skokovito povecava
gledajuci odozgo ka dole.

Za okvirne nosace u ovoj analizi usvojeno je da su
od celika s karakteristikama: E = 210,000,000 kN/m? i ov
= 240,000 kN/m?. Iz izraza za tangentni modul (5)
izraunava se vrednost napona na  granici
proporcionalnosti: op= 0.5-ov = 120,000 kN/m?. Ovaj
odnos napona u granici proporcionalnosti preporucuje se
u [19], [8]. Za stubove i grede analiziranih okvira
usvojeno je nekoliko razliCitih poprecnih preseka, pri
¢emu je uzeto da je lgrede= 0,5-Istuba-

Na pocetku treba reci da su detaljni rezultati analize
stabilnosti okvira s pomerljivim évorovima (slika 4a) dati
u [6]. U tabeli 1 prikazani su samo rezultati za kritiéno
opterecenje za slu€ajeve razliCitih poprec¢nih preseka
nosaca na slici 4a i 4b.

language. The program is named ALIN and it enables
the complex plane and space analysis of linear frames.
The basic possibilities of this program are analysis
according to the first and the second order theory,
dynamic analysis and stability analysis, i.e. calculation of
the critical load in the elastic and inelastic domains. The
detailed description of this code can be found in [26], [6].
It should be emphasized that one of the main goals of
this analysis was development of the part of program
ALIN, which provides efficient solutions of stability
problems in elastic-plastic domain. Those solutions are
obtained using the "exact" expressions of the stiffness
matrix which are presented in this paper.

4 INVESTIGATION OF THE STABILITY OF FRAME
STRUCTURES USING THE PROGRAM ALIN

4.1 Behavior of the frame structures in elasto-
plastic domain

Calculation of the stability of frames in the elasto-
plastic domain, because of its complexity, is not used by
engineers in the standard engineering stability analysis.
It is the main reason why the current standards of frame
stability analysis do not require this type of calculation.
The determination of the critical load and the critical
stress in the plastic field, for the analyzed members,
usually is performed on the basis of the calculation in
elastic domain and applying the empirical expressions
and curves. That expressions and curves are obtained
from a number of experimental studies related to the
behavior of isolated members in the plastic field. In this
paper it will be shown that calculation of the stability of
frames in the elasto-plastic domain can be performed
more successfully using the program ALIN. That allows
engineers to use this computer program in order to
increase the accuracy of their calculations and to
consider the real behavior of the frame structures in
elasto-plastic domain. On the other hand, the application
of this numerical method may give the stimulus for the
innovation of actual standards in the part related to the
inelastic behavior of frame structures.

In the following, numerical example of six-story
three-bay sway and non-sway frame is presented
(Figure 4). The frame is clamped at the base, and
concentrated load P is imposed on each column at each
story. Since the axial force in columns is not constant,
the elastic-plastic stability analysis can lead to the
different behavior of the columns in the different floors.

In this analysis steel with characteristic: E =
210,000,000 kN/m® and o, = 240,000 kN/ m® is used.
From the tangent modulus expression (5), proportional
limit is obtained as op= 0.5-ov = 120,000 kN/m? [19], [8]-
Several different cross-sections are used for columns and
girders of the analyzed frames, where it is assumed that
|gird= 0,5'|col-

It should be noted that the detailed results of the
stability analysis of the sway frame (Figure 4a) are given
in [6]. Table 1 presents only the values of the critical load
for all five analyzed cross-sections for both analyzed
frames.
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Slika 4. Numericki primer — Sestospratni okvir s pomerljivim i nepomerljivim ¢vorovima
Figure 4. Numerical examples — six-story three-bay sway and non-sway frames

Tabela 1. Vrednosti kriti¢ne sile za okvire sa slike 4a i 4b - P (kN)
Table 1. Values of critical load for the frames presented in Figure 4a and 4b - P.(kN)

2[12 2[16 2020 2026 2030
1.4
F?g. 2& Pcr,el=26701 F)cr,el=52,28 Pcr,el=96y41 F)cr,inel=209139 I:)cr,inel=307558
Fody | Paina=113.67 | Popno=17635 | Pono=243,19 | Pen=372,07 | Peina=457.51

Iz navedenih rezultata moze se zakljuciti da se
pomerljivi okviri ve¢im delom izvijaju u elasti€noj oblasti.
Medutim, za razliku od njih, sistemi s nepomerljivim
¢vorovima izvijaju se uglavnom u neelasti¢noj oblasti.
Tako se tokom proracuna u programu ALIN konstantna
vrednost modula elasti€nosti zamenjuje tangentnim
modulom koji je u funkciji nivoa optere¢enja u stubovima.

Vrednosti modula E i E; u trenutku izvijanja prikazani
su u tabeli 2. Jasno je da S$to su stubovi kruci, oni
primaju vece opterecenje, tako da su im vrednosti
tangentnog modula manje. U tabeli 2 prikazani su
rezultati za tri najopterecenije etaze zadatog okvirnog
nosaca.

This numerical example illustrates the difference in
the stability analysis of braced and unbraced frames in
the elastic-plastic field. In contrast to unbraced frames,
braced frame structures buckle in inelastic domain. So,
in the calculation using the code ALIN, constant modulus
E is replaced by stress dependent tangent modulus Et.

Values of the modulus E and E; at the moment of
buckling are given in Table 2. It is clear that as the
columns are stiffer, they can be more loaded and their
values of the tangent modulus are lower. Results for the
three most loaded floors of the analyzed frames are
given in Table 2.

Tabela 2. Vrednosti tangentnog modula za okvire sa slike 4b - E(kN/m?)
Table 2. Values of tangent modulus for the frame given in Figure 4b - E(kN/m’)

3. sprat
3" floor

2. sprat
2" floor

1. sprat
1° floor

E = 210,000,000

E;= 208,233,739

Ei= 189,812,194

Ei= 207,252,644

Ei= 177,569,958

Ei= 115,288,933

N[N [N [N [N
||| | e
N[N =||[—=

oSl 6o

Ei= 199,401,275 Ei= 150,828,451 Ei= 62,886,369
E;= 195,939,666 Ei= 140,944,179 Ei= 44,356,530
Ei= 198,075,450 Et= 133,169,928 Et= 29,994,653
2[30 Ei= 192,045,713 Ei= 130,444,186 Ei= 24,997,478
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4.2 Odredivanje duzine izvijanja i nosivosti
pritisnutih Stapova okvirnih nosaca

4.2.1 Odredivanje duzine izvijanja pritisnutog Stapa

Ispitivanje uzroka kolapsa pojedinih gradevinskih
konstrukcija, posebno kada su u pitanju celiéne kon-
strukcije, pokazalo je da je ¢esto do toga dolazilo usled
loma pritisnutih elemenata konstrukcije. Ovi elementi
doziveli su ,prevremeni” lom tako da se i pre dostizanja
dopustenih napona iscrpela njihova nosivost. Moze se
generalno reci da kod najveéeg broja pritisnutih €elinih
Stapova grani¢na nosivost nije uslovljena kriterijumom
nosivosti, ve¢ kriterijumom stabilnosti.

Proracun na bazi teorije elasti¢ne stabilnosti Siroko je
primenjen u inZzenjerskoj praksi, posto se polazi od toga
da se gradevinske konstrukcije uglavnom pona$aju
elasticno kada su izlozene svakodnevnim eksploata-
cionim opterecenjima, pa i u slu¢aju kada opterecenje
dostigne kriticnu vrednost. Naime, u zelji da se
projekiuju vitke gradevinske konstrukcije, Cesto se
desava da se grade nosaci velike visine i male krutosti,
pa se izvijanje nosaca deSava u elasti¢noj oblasti. Zato
je razumljivo da ovaj vid proracuna predstavlja osnovu
standarda (propisa) za analizu stabilnosti okvirnih
konstrukcija. On je definisan odredivanjem tzv. efektivne
duzine izvijanja pojedinih Stapova okvirnih nosaca.

Fizi¢ki gledano, duzina izvijanja je duZina zamenju-
juceg obostrano zglobno oslonjenog Stapa konstantnog
preseka, optere¢enog konstantnom normalnom silom.
Kriti€na sila ima oblik:

P =

cr

i jednaka je kriticnoj sili posmatranog Stapa proizvoljnih
karakteristika. Matematicki gledano, duZzina izvijanja je
rastojanje izmedu susednih realnih ili fiktivnih prevojnih
tacaka izvijenog Stapa.

Duzina izvijanja prikazuje se pomocu proizvoda
koeficijenta duzine izvijanja ,B” i stvarne duzine Stapa ,,/

Postupak odredivanja efektivne duzine za Stapove
okvirnih konstrukcija prikazan je u JUS standardima [25],
kao i evropskim normama EC3 za ¢elicne konstrukcije
[10]1, [11]. Na bazi tako odredenih duzina izvijanja dalje
se obavlja proradun aksijalno pritisnutih Stapova
koris¢enjem tzv. krivih izvijanja. Na slici 5 prikazane su
duzine izvijanja Stapova s razli¢itim uslovima oslanjanja.
Na osnovu tako odredene duzine izvijanja iz jednacine
(10) nalazi se i veli€ina kriticne sile.

7’ El
(B-1)

4.2 Determination of the effective buckling length
of the compressed members and determination
of the load-bearing capacity of the compressed
member

4.2.1 Determination of the effective buckling length of
the compressed members

Investigation of the causes of the collapse of some
building structures, especially made of steel, found out
that collapse often occurred due to the failure of the
compressed structural elements. It was found that failure
of some elements happened in a way that before the
allowable stress was reached, the member load-bearing
capacity was exhausted. Generally it can be said that for
the most of the compressed steel members, ultimate
bearing capacity is determined by the stability criterion.

Calculation based on the theory of elastic stability is
widely applied in engineering practice. It is because it
can be assumed that building structures generally have
elastic behavior when they are subjected to standard
exploitation load, even in the case when the critical load
is reached. Namely, in order to design structures with
high slenderness, designers often make tall structures
with low stiffness, so buckling occurs in the elastic
domain. Therefore it is reasonable that this type of
elastic calculation is the basis of the regulations for the
stability analysis of frame structures. Such calculation
procedure is defined through the determination of the
effective buckling length of frame columns.

From the physical point of view, “effective buckling
length” is a length of the equivalent member with
constant cross-section that is pined at the both ends and
is subjected to the compressive axial force. Critical force
is defined by:

(10)

and it is equal to the critical force of the analyzed
member with arbitrary characteristics. From the
mathematical (geometrical) point of view, “effective
buckling length” is a distance between inflection points of
the bended member.

The effective buckling length is given as the product
of the column's effective length factor ,8“ and the
geometric length of the column ,/*:

-l (11)

Procedure for calculation of the effective buckling
length for the members in steel frame structures is given
in national JUS standards [25] and European regulations
EC3 [10], [11]. On the basis of such obtained buckling
lengths, the calculation based on the buckling curves is
applied for the axially compressed members. Effective
buckling lengths for the members with different boundary
conditions are shown in Figure 5. According to obtained
buckling lengths, critical load is derived from the
equation (10).
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Slika 5. Duzina izvijanja stapova u funkciji uslova oslanjanja
Figure 5. Effective buckling lengths in function of the boundary conditions

Ovaj pristup proracuna kriti¢ne sile preko odredivanja
duzine izvijanja primenjuje se i pri proracunu pritisnutih
Stapova okvirnih nosaca [21]. Tako na primer, kada se
vr§i proradun stabilnosti okvirnog nosaca sa slike 6a,
koristi se izraz (10) i odreduje duzina izvijanja, odnosno
kritiéna sila svakog stuba ponaosob. Razlog za ovakav
pristup lezi u Cinjenici da se do nedavno smatralo da je
prorac¢un stabilnosti kompletne okvirne konstrukcije
komplikovan za inZenjersku praksu. Zato se u
navedenim propisima za proracun stabilnosti okvirnih
konstrukcija koriste uproSc¢ene staticke Seme, kao na
primer ona koja je prikazana na slici 6b. To prakti¢no
znaci da se razmatra stub koji je ,izdvojen” iz okvira, a
koji je elasti¢no ukljesSten ili oslonjen samo na stubove i
grede koji su u njegovoj neposrednoj okolini.

a)

This approach to calculate the critical load, when the
effective buckling length is obtained, is applied also to
the columns of the frame structures [21]. For example,
analysis of the whole frame structure (Figure 6a) is
performed using the equation (10), and critical load and
effective buckling lengths should be defined for each
column individually. The reason for this is the fact that
until recently it was considered that global stability
analysis of frame structures is too complicated for
engineering practice. That is the reason why the codes
for the stability analysis of plane frame columns, use
simplified static scheme, as presented in Figure 6b.
Practically, this means that codes consider only columns
which are isolated from the frame structure. These
isolated columns are supported only by the adjacent
columns and beams. Basically, presence of the other
structural elements connected to the considered one is
introduced by the corresponding boundary conditions.

b)

Slika 6. Uproscena staticka Sema za proracun stabilnosti prema propisima
Figure 6. Simplified static scheme for the stability analysis according to the codes

Ovakav priblizan, pojednostavljen proraéun ima
svojih prednosti jer se relativno lako dolazi do rezultata
koji su prikazani u vidu odgovarajucih dijagrama i
formula. Medutim, postavlja se pitanje da li su takva
priblizna reSenja dovoljno ta¢na i da li se mogu primeniti
na razli¢ite slucajeve koji se javljaju u inZenjerskoj
praksi. Postavlja se i pitanje da li ih i dalje treba Koristiti,
kada su usled burnog razvoja kompjuterske tehnike i

This approximate, simplified calculation has its
advantages because results can be obtained very easily
and they are shown by adequate diagrams and
approximate formulas. However, very important question
is how these approximate solutions are correct and how
they can be used for the various examples in
engineering practice. Also, there is important question
should such solutions still be used, due to the fact that
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programi za proracun stabilnosti okvirnih nosaca postali
opSte dostupni.

U ovom radu koristi se metodologija prorac¢una koja
se zasniva na globalnoj analizi stabilnosti okvirne
konstrukcije. To podrazumeva da se prvo odredi kritiéno
opterece okvirnog nosaca u celini Pcr,gl, a zatim se na
osnovu njega odreduju kritine sile za svaki pojedinacni
stub Per. Na osnovu njih dobijaju se koeficijenti efektivne
duzine izvijanja pojedinacnih stubova iz izraza:

U slu€aju izvijanja u plasti€noj oblasti usvojice se isti
izraz za koeficijent B, s tim §to se Pecr odnosi na kriti¢nu
silu koja je sra¢unata na osnovu neelasti¢nog ponasanja
okvira (Pecr,inel), a modul elasti¢nosti E viSe nije
konstanta, vec¢ je funkcija nivoa naprezanja i zamenjuje
se tangentnim modulom Et:

4.2.2 QOdredivanje nosivosti pritisnutog Stapa

IstraZivanja prikazana u ovom radu zasnovana su na
pretpostavkama o idealno pravom Stapu od idealno
homogenog materijala, i koji je idealno centri¢no
opterec¢en. Jasno je da ove pretpostavke ne mogu biti u
potpunosti ispunjene kada je u pitanju realan Stap. Zato
se od prvih eksperimenata (Bauschinger) pa sve do
danas obavljaju intenzivna eksperimentalna istrazivanja
s ciiem da se S§to bolije sagleda stvarno ponaSanje
pritisnutih Stapova.

Ova istrazivanja ukazala su na brojne nesavrSenosti
realnih Stapova koje izazivaju znacajnu disperziju
teorijskih i eksperimentalnih rezultata. Osnovni razlozi su
mnogi faktori koji uticu na ponasanje i nosivost ovih
Stapova, kao S$to su: zaostali naponi, imperfekcije
vezane za geometriju i oblik nosaca, ekscentri¢nost pri
opterec¢enju, struktura materijala, istorija opterecenja i
drugo. Analiziraju¢i pojedinaéno ove faktore, moze se
konstatovati da, iako se polazi od pretpostavke da je
materijal (Celik) idealno homogen, u praksi to nije slucaj.
Ova nehomogenost materijala ima za posledicu razli¢ite
module elasti¢nosti i granicu razvlacenja po popreé¢nom
preseku nosaca.

Jedan od vidova nesavrSenosti (imperfekcija)
materijala, osim njegove nehomogenosti, jeste i pojava
sopstvenih (zaostalih) napona. Oni mogu biti izazvani
termi¢kim uzrocima u toku proizvodnje kada se vrSi
valjanje ili hladenje, kao i kasnije tokom procesa
zavarivanja. Takode, zaostali naponi mogu se javiti
usled mehanickih uzroka, kada se vrsi ispravljanje
limova i slicno. Usled ovih zaostalih napona, tokom
opterecenja (eksploatacije) deSava se kod centri¢no
optere¢enih Stapova da se u pojedinim delovima
popre€nog preseka formiraju plastiCne zone, iako
sredis$nji napon nije dostigao granicu razvlacenja. Zbog
ove pojave smanjena je krutost Stapa, pa samim tim i

T’E,l

cr,inel

fast development of computing possibilities is in the
progress and the programs for stability analysis of frame
structures become generally available.

The methodology of calculation that is used in this
paper is related to the global stability analysis of frame
structures. This means that critical load for the whole
structure (Perg) should be calculated first. When this
critical load is calculated, the critical load for each
column (Px) can be obtained. Based on these results,
effective length factor of individual columns is given by:

(12)

In the case of buckling in the plastic domain, the
expression for the coefficient B has the same form as
(12), but critical load (Pc) is related to the critical force
that is computed in the inelastic analysis of the frame
(Perine). Also, modulus of elasticity E is no longer
constant, but it is stress dependent and it is replaced by
the tangent modulus E::

7 (13)

4.2.2 Determination of the load-bearing capacity of the
compressed member

The investigations presented in this paper are based
on the assumptions that the members are perfect, which
means that they are perfectly straight and geometric
imperfections are not taken into account. The load is
also perfectly centric. It is clear that these assumptions
can not be fully realized for the real members in
engineering structures. Therefore, from the first
experiments (Bauschinger) up to day, the intensive
experimental research has been performed in order to
predict the real behavior of compressed members.

Such studies have indicated numerous imperfections
of real members that lead to significant dispersion of
theoretical and experimental results. These factors that
have influence upon the behavior and load-bearing
capacity of the observed members are: residual
stresses, imperfections related to the geometry and
shape of the girder, eccentric load, structure of the
material, load histories, etc. Analyzing these factors
separately, it can be concluded that, although it is
assumed that the steel is ideal homogeneous material, it
is not the case in practice. Such material inhomogeneity
results in different moduli of elasticity and yield stress
over the beam cross-section.

One of the types of material imperfections, besides
its inhomogeneity is a phenomenon of residual stresses.
They can be caused by thermal effects during production
when mill rolling or cooling are performed, and later
during the welding process. Also, residual stresses may
occur due to mechanical causes, when straightening of
steel sheet is performed. Due to these residual stresses,
at some parts of the cross section of centrically loaded
members, plastic zones might develop even though the
normal stress has not reached the yield value. It reduces
stiffness of the member, and therefore load bearing

GRADEVINSKI MATERIJALI | KONSTRUKCIJE 59 (2016) 3 (27-44)
BUILDING MATERIALS AND STRUCTURES 59 (2016) 3 (27-44)

37



njegova nosivost.

Realni nosadi u gradevinskim konstrukcijama
izgradeni su uvek s manjim ili veéim geometrijskim
nesavrSenostima. Pri njihovoj montazi i formiranju
gradevinske konstrukcije dolazi do dodatnih imperfekcija
ne samo u geometriji nosaca ve¢ i u nanoSenju
opterec¢enja, odnosno pojavi nezeljenih ekscentri€nosti.
Ove nesavrSenosti predstavljaju pocetne deformacije pri
izvijanju Stapa, koje imaju za posledicu smanjenje
graniéne nosivosti.

Kako bi se definisala stvarna nosivost centricno
opterecenih Stapova, priSlo se odredivanju tzv. krivih
izvijanja. Kao rezultat dugotrajnih eksperimentalnih i
teorijskih istrazivanja u razvijenim zemljama Evrope,
doSlo se do evropskih krivih izvijanja. AnalitiCkoj
formulaciji ovih krivih najviSe su doprineli Perry, Maquoi i
Roundal [20], [18]. Ove krive naSle su zatim primenu u
standardima za prora¢un celi€nih konstrukcija gotovo
svih evropskih zemalja. U evropskim normama one Cine
deo standarda dat u EC3 [11] i prikazane su na slici 7.

Slika 7. Krive izvijanja prema EC3 (preuzeto iz [11])
Figure 7. Buckling curves according to EC3 (taken from

1)

Na$i propisi za proracun centricno opterecenih
Stapova od Ccelika takode se zasnivaju na ovim
istrazivanjima i odgovaraju evropskim krivama iz
standarda EC 3. Te krive su prikazane na slici 8.

Ove krive izvijanja predstavljaju modifikaciju
teorijskih krivih izvijanja, jer vode raCuna o svim
imperfekcijama koje se javljaju kod realnih Stapova.
Pokazalo se da je nemoguce obaviti proveru nosivosti
svih  pritisnutih  elemenata  konstrukcije = pomocu
jedinstvene krive. Naime, mnogo je parametara koji utiCu
na izvijanja nosaca, a to je pre svega pocetna
deformacija Stapa, oblik popre¢nog preseka, nivo
sopstvenih napona, nacin izrade i debljina delova
popre€nog preseka. Da bi se obuhvatili svi ovi aspekti,
neophodno je formirati seriju krivih izvijanja za svaki
pojedinacni slu¢aj, kako je to definisano standardom.

Kako se sa slika 7 i 8 vidi, krive izvijanja definiSu se
preko  bezdimenzionalnog koeficijenta  otpornosti
elementa na izvijanje x, u funkciji relativne vitkosti A i
imperfekcija Stapa. Naime, da bi se lakSe vrSio proracun,
umesto uobiajene veze izmedu krititnog napona
izvijanja oc i vitkosti Stapa A uvodi se zavisnost u

capacity of the member is also reduced.

Real girders in civil engineering structures have been

built with more or less geometrical imperfections. In
assembly and construction of structures, additional
imperfections may appear not only in geometry, but also
when the load is applied and the unwanted eccentricity
occurs. These imperfections represent the initial strain at
buckling of the member and result in reduction of
ultimate bearing capacity (critical load).
In order to define the real load bearing capacity of
centrically loaded members, it was necessary to
determine the so-called "buckling curves". As a result of
long-term  experimental and theoretical studies,
European buckling curves are formulated. Analytical
formulation of these curves was contributed most by
Perry, Maquoi and Roundal [20], [18]. These curves then
were applied in standards for design of steel structures
of almost all European countries. In European
regulations they are part of the standards given in EC3
[11] and are shown in Figure 7.

Slika 8. Krive izvijanja prema nasim propisima (preuzeto iz

3)

Figure 8. Buckling curves according to JUS (taken from [3])

Our national standards for the calculation of centrally
loaded steel members (JUS) are also based on these
studies, and they are similar to European standards EC
3. These curves are given in Figure 8.

These curves represent a modification of the
theoretical buckling curves because they take into
account all imperfections that occur in real members. It
has proved to be impossible to perform the calculation of
load bearing capacity of all compressed structural
elements using the single curve. Namely, a lot of
parameters have influence on the buckling of girders,
primarily: initial deformation of the member, the shape of
the cross section, the level of residual stresses, method
of fabrication of elements, the thickness of parts of the
cross section and so on. In order to cover all these
aspects it is necessary to define a series of buckling
curves for each case, as it is defined in the standard.

As it can be seen from Figures 7 and 8, buckling
curves are defined by reduction factor for relevant
buckling mode x that is the function of appropriate non-
dimensional slenderness A and imperfection factor of
the member. Namely, in order to make calculations
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bezdimenzionalnom obliku, preko koeficijenata x i A .
Koeficijent izvijanja x dobija se kada se kriti¢ni napon
izvijanja podeli s naponom na granici razvlacenja.

Z:

Da bi se ocuvala zavisnost, relativna vitkost /T
dobija se tako Sto se vitkost A deli s vitkoSéu na granici
razvlacenja:

.
n,

gde je:

Iz gornjeg izraza vidi se da vitkost na granici
razvlacenja zavisi samo od vrste materijala. To znaci da
koeficijent x za isti materijal direktno zavisi od vitkosti,
odnosno duzine izvijanja Stapa. Prema tome, da bi se
ove krive izvijanja mogle ispravno koristiti, odnosno da bi
davale tacne rezultate, neophodno je ta¢no odrediti
vitkost, odnosno duzinu izvijanja Stapa.

Treba napomenuti da su ove krive nastale na osnovu
eksperimentalnih  istrazivanja  pona$anja  jednog
izolovanog Stapa s tacno definisanim grani¢nim
uslovima, $to je omogucilo i dobijanje tacne teorijske
vrednosti kriti€ne sile odnosno duzine izvijanja. Kako se
ove krive koriste i za proracun stubova okvirnih nosaca,
potrebno je za svaki Stap okvira ta¢no proracunati
teorijsku vrednost kriti€ne sile odnosno duzinu izvijanja.

Ve¢ ranije je u ovom radu napomenuto da
donedavno ovaj proracun nije bilo lako sprovesti, pa su u
standardima data priblizna reSenja. U narednom delu
rada dokumentovace se da ta priblizna reSenja Cesto
prouzrokuju greSke koje se ne mogu tolerisati. Kada se
navedene krive izvijanja koriste za proradun Stapova
okvirnih nosaca, posledica su greSke u proracunu
njihove nosivosti koje se takode ne mogu tolerisati, jer
se u proracun ulazi s netaénim rezultatima za duzinu
izvijanja, odnosno vitkost Stapa. Zato je u prethodnom
delu rada data metodologija proracuna prema jednacini
(12) koja definiSe postupak za odredivanja tacne
vrednosti kriti€ne sile, odnosno duzine izvijanja.

U nastavku ¢e biti prikazani numeri¢ki primeri koji
ilustruju kakve greSke nastaju pri proracunu Stapova
okvirnih nosaca, kada se koriste priblizna reSenja iz
postojecih standarda.

easier, instead of the usual relationship between the
critical buckling stress o, and member slenderness A,
the relationship in the non-dimensional form s
introduced using the coefficients x and A . Reduction
factor x is obtained when the critical buckling stress is
divided by the stress at the yield point.

In order to use these curves, it is necessary that
slenderness A should be divided by the slenderness at
the yield point:

(15)

where:

(16)

From the expression (16) it can be seen that
slenderness at the yield point depends only on the
material. It means that the coefficient x for the same
material is directly related to the slenderness, and
respectively to the buckling length of the member.
Therefore, in order that buckling curves could be used
properly and that they would provide accurate results, it
is necessary to accurately determine the slenderness
and the buckling length of the member.

It should be mentioned that these curves were
obtained on the basis of experimental studies of the
behavior of an isolated member with clearly defined
boundary conditions, so it is possible to calculate the
exact theoretical value of the critical buckling load and
buckling length. As these curves are used for calculation
of columns of the frame structures, it is necessary to
calculate accurately the theoretical value of the critical
buckling load and buckling length for each member of
the frame.

Previously, it was mentioned that until recently, this
calculation was not easy to carry out, so the approximate
solutions are given in the standards. The following
section will present that this approximate solutions often
lead to the errors that can not be tolerated. The
consequence is that when these buckling curves are
used for the calculation of members of frame structures,
the substantial errors in the calculation of their load
bearing capacity also occurs. The reason for this error is
in the fact that calculation uses the incorrect results for
the buckling length and slenderness of the member.
Therefore, in the previous part of this paper the
methodology of calculation according to the equation
(12), which defines the procedure for determining the
exact value of critical load and corresponding buckling
length, is given.

The following section will present the numerical
examples that illustrate what kinds of errors are arising
in the calculation of members of frame structures, when
the approximate solutions from the existing standards
are used.
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4.2.3 Numeri€ki primer

U ovom delu analiziran je okvirni nosac sa slike 4b.

Kao Sto je ranije reCeno, u aktuelnim propisima
prikazana su reSenja koja se dobijaju analizom elasti¢ne
stabilnosti. Zato su ta reSenja i uporedena s rezultatima
programa ALIN gde je dobijena ,elasti¢na” kriticna sila,
tj. pretpostavljeno je da je modul elasti¢nosti sve vreme
konstantan. Medutim, kao Sto je ve¢ ranije pokazano,
kod viSespratnih okvirnih nosaca s nepomerljivim ¢voro-
vima stubovi se Cesto izvijaju u neelasttnom podrudju.
Zato je ovde sproveden i taj nacin proracuna.

Posmatran je primer gde su usvojene dimenzije
elemenata kao i ranije: stubovi su visina /=5m, a grede
duzina  2/l=10m. Karakteristike materijala  su
E=210,000,000kN/m? i ov=240,000 kN/m®. Radi
poredenja dobijenih rezultata, proracun je sproveden za
svih 8est do sada analiziranih popre¢nih preseka.
Vrednosti kriti€nog opterecenja i odgovarajuéeg tangent-
nog modula ve¢ su prikazane u tabelama 1 i 2. Prikaz
rezultata koeficijenata efektivne duzine izvijanja za
najoptereéenije stubove (na prvoj etazi) dat je u tabeli 3.

423 Numerical example

The frame with characteristics given in Figure 4b is
analyzed in this part.

As previously mentioned, the existing structural
codes give solutions that are obtained using the elastic
stability analysis. Therefore these solutions are
compared with the results obtained using the program
ALIN when the elastic critical force is calculated, i.e.
when it is assumed that the modulus of elasticity E is
constant. However, as already indicated before, non-
sway multi-story frames often buckle in inelastic domain,
so such kind of analysis also is performed herein.

Characteristics of the material and dimensions of the
elements are taken the same as in the previous
examples. Calculation is performed for all six considered
cross sections. Results of the critical load and tangent
modulus values are given in Tables 1 and 2. Table 3
represents results for the effective buckling length
coefficient B for the most loaded columns (at the first
floor).

Tabela 3. Koeficijent B za stubove 1. sprata analiziranog okvira s nepomerljivim ¢vorovima
Table 3. Coefficient 8 for the columns on the first floor of the analyzed non-sway frame

1.sprat B (EC3) B (jus) ; ;

1% floor | unutr. | spolj. unutr. | spolj. B INEL
inner | outer inner outer

0.726

2[12 0.635

2[16 0.533
0.673 0.686 0.652 0.672 0.751

2[20 0.518

2[26 0.509

2[30 0.511

Prvo se moze uocCiti da kod stubova prvog
najoptereéenijeg sprata postoji solidno poklapanje
rezultata dobijenih primenom propisa i primenom
elasti€ne analize, koriS¢enjem programa ALIN. Medutim,
kao $to je pokazano u [6], razlika u rezultatima se znatno
uvecava kako se analiziraju stubovi na visSim spratovima.
Kao ilustracija toga, u tabeli 4 prikazane su vrednosti
koeficijenta B za unutrasnje stubove analiziranog okvira,
gde su rezultati primenom programa ALIN dati samo u
slu€aju analize u elasti¢noj oblasti.

First, it can be noticed that for the columns of the first
floor there is a quite well coinciding of the results
obtained using the code ALIN, as well as European and
national codes for steel structures. However, as it is
shown in [6], the differences in the results increase for
the columns in the higher floors. As an illustration of this
observation, Table 4 gives the values of the coefficient B
for the inner columns of the analyzed frame. In this table,
the results obtained by code ALIN are given only in case
of elastic stability analysis.

Tabela 4. Koeficijent B8 za unutrasnje stubove okvira sa slike 4b
Table 4. Coefficient 8 for the inner columns of the frame given in Figure 4b

metod proracuna differ. differ.
calculat. method ALIN (elast.) EC3 (°/o) JUS (°/o)
1 0.751 0.673 -10.3 0.652 -13.1
2 0.823 0.906 10.0 0.857 4.1
sprat 3 0.920 0.906 -15 0.857 -6.9
floor 4 1.062 0.906 -14.7 0.857 -19.3
5 1.301 0.906 -30.3 0.857 -34.1
6 1.840 0.873 -52.5 0.816 -55.6
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Razlog za ovakvu razliku u rezultatima je u tome $to
se proraun prema propisima bazira na analizi
izolovanog elementa, tj. uzima se u obzir samo krutost
stubova i greda koji su vezani u neposrednoj blizini
krajnjih tacaka posmatranog elementa. Takode, propisi
ne uzimaju u obzir veli€¢inu aksijalne sile u elementu.

Iz rezultata u tabeli 3, takode se jasno vidi kolike se
razlike dobijaju kada se proracun vrSi u elasti¢noj u
odnosu ha elasto-plasti¢nu oblast. Zato je u tabeli 5 data
detaljnija analiza, odnosno prikazane su vrednosti
koeficijenta B za stubove svih etaza ovog nepomerljivog
Sestospratnog okvirnog nosaca.

One of the main reasons for this difference in results
is that the calculations according the codes are based on
the isolated treatment of considered compressed
elements. They only consider stiffness of the other
structural elements connected to the considered one.
Also, codes do not take into consideration the axial force
value in the element.

Results from table 3 also shows what difference in
results are obtained when the calculation is performed in
elastic and elastic-plastic domain respectively. So,
values of the coefficient 8 for the columns in all stories of
the analyzed non-sway six story frame are given in
Table 5.

Tabela 5. Vrednosti koeficijenta 8 za stubove na svim spratovima analiziranog okvira
Table 5. Values of coefficient 8 for the columns in all stories of the analyzed frame

Ba oTg | o017 | 2d | 2020 | bled | 2030
Bin, 1 0.751 0.726 0.635 0.533 0.518 0.509 0.511
Bin,2 0.823 0.833 0.863 0.905 1.012 1.176 1.278
Bin,3 0.920 0.936 1.042 1.163 1.334 1.583 1.734
Bin,4 1.062 1.080 1.195 1.374 1.592 1.905 2.093
Bin5 1.301 1.323 1.484 1.557 1.814 2.180 2.398
Bins 1.840 1.871 2.098 2.388 2.762 2.424 2.669

Na slici 9 prikazane su krive izvijanja za stubove prve
etaze s popre¢nim presekom 2[20 (i=0.0589m). ReSenja
dobijena na osnovu elasticne, odnosno neelasticne
analize prikazana su tackastom, odnosno isprekidanom
linijom.

s |

Figure 9 represents the buckling curves for the
columns of the first floor which have a cross-section 2[20
(i=0.0589m). The solutions obtained on the basis of
elastic and inelastic analysis are marked with dotted and
dashed line, respectively.

...............

-
ey
Tt

Slika 9. Odredivanje koeficijenta x prema EC3 i JUS-u
za 1.sprat analiziranog okvira s nepomerljivim ¢vorovima

Figure 9. Determination of coefficient x using the EC3 and JUS
(first floor of the analyzed non-sway frame)

Ocigledno je da se ¢ini znacajna greSka u proradunu
nosivosti stuba, ukoliko se umesto taéne vrednosti za
odnosno A koje odgovaraju izvijanju u plastiénoj
oblasti koriste vrednosti koje odgovaraju izvijanju u

elasticnoj oblasti kako je to definisano postojecim
standardima.

It is obvious that significant error in the calculation of
the load-bearing capacity of the compressed columns
can be made. That happens when, instead of the exact

values for B (and the corresponding A ) that are
obtained based upon the buckling in plastic domain, the
results of elastic analysis are used, as it is defined in the
existing structural codes.
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5 ZAKLJUCAK

U ovom radu predlozen je proracun koji se zasniva
na analizi globalne stabilnosti okvirne konstrukcije i — u
prvom koraku — odredivanju kriticne sile za konstrukciju
u celini. Zatim se u nastavku odreduju kriticne sile,
odnosno duzina izvijanja pojedinih pritisnutih Stapova i to
na bazi odnosa izmedu ukupne kriticne sile u konstrukciji
i normalne sile u pojedinim Stapovima.

Predlozeni postupak nije nepoznat, ali nacin kako je
on ovde formulisan i sproveden nije do sada primenjen
ni u jednom od komercijalnih programa koji se bave
stabilnoSéu okvirnih nosaca. Tako se za interpolacione
funkcije usvajaju reSenja koja se dobijaju iz
diferencijalne jednacine savijanja Stapa po teoriji drugog
reda. U ovom slu€aju je dovoljno da se usvoji samo po
jedan konacni element duz svakog Stapa u okvirnoj
konstrukciji, ¢ime se drasti¢éno smanjuje broj nepoznatih,
odnosno jednacina u metodi konacnih elemenata.
Upravo je i to glavna prednost ovog postupka proracuna
i formiranog programa ALIN u odnosu na uobicajeni
postupak koji se zasniva na primeni geometrijske
matrice krutosti.

U radu je ispitivana ta¢nost reSenja koja su data u
nasim JUS i EC3 standardima, a odnose se na duzine
izvijanja pritisnutih Stapova okvirnih nosaca. Primenom
predlozene metode pokazano je da se u pojedinim
slu¢ajevima Cine greSke ako se koriste postojeéi izrazi i
dijagrami dati u nasim standardima. To znaéi da je
potrebno pri¢i inovaciji ovih standarda na nacin kako je
to, na primer, ovde predlozeno, kako bi se inZzenjerima u
praksi omogucio tacniji nac¢in proracuna. U tom smislu
ve¢ su ucinjeni koraci za izmenu evropskih standarda
(EC3), posebno u delu koji se odnosi na slozene
deformabilne konstrukcije gde se zahteva proraun po
teoriji drugog reda, ali bez navodenja detalja tog
proracuna.

Predlozeni postupak prorauna u ovom radu
koriS¢en je i za elasto-plasticnu analizu kada se u
proraun osim geometriske uvodi i materijalna
nelinearnost. Izvedene su matrice krutosti kori§éenjem
tangentnog modula elasti¢nosti koji prati promenu
krutosti Stapa u neelasti¢noj oblasti. Treba ista¢i da se u
napred navedenim standardima kriticna sila u plasti¢noj
oblasti odreduje samo pribliznim proradunom. On se
sastoji u tome da se prvo odredi kriticna sila kao da se
Stap izvija u elastiénoj oblasti, a zatim se kori§¢enjem
krivih izvijanja koje su u standardima definisane preko
pribliznih (empirijskih) izraza, odreduje kriti€na sila u
plasti¢noj oblasti.

Doprinos ove analize sastoji se u tome $to se na
osnovu formiranog algoritma proraduna koji je
implementiran u programu ALIN, moze analizirati
ponasanje okvirne konstrukcije, ne samo u elasti¢noj veé
i plasticnoj oblasti. Time je omogucéeno pracenje
fenomena gubitka stabilnosti okvirne konstrukcije i u
plasti¢noj oblasti i direktno odredivanje kriticne sile pri
njenom kolapsu.

5 CONCLUSIONS

In this paper the global stability analysis of whole
frame structure is suggested, and in first step,
determination of the critical load for the structure as a
whole. Then, the critical load and effective buckling
length of each member can be found.

The proposed method is not unknown, but the way
how it is formulated and implemented here has not been
applied in any of the commercial programs that deal with
the stability of frames. The calculation where
interpolation functions are derived from the exact
solution of the differential equation of bending according
to the second order theory is proposed. The advantage
of such an approach, which is applied in the program
ALIN, is in the fact that only one finite element is needed
for each beam or column, so the total number of finite
elements is significantly less than in the usual approach
based on the geometric stiffness matrix.

The accuracy of the solutions given in JUS and EC3
standards, related to the effective buckling length
determination was investigated. Applying the proposed
method it was shown that some errors are made when
the approximate solutions from the codes are used. That
means that there is a need for the innovation of these
standards in the part where the effective length of frame
columns is considered. It should be emphasized that
some steps have already been taken in EC3 standards,
in the part related to the complex deformable structures
which require the calculation according to second order
theory, however, no more details are given in EC3.

The proposed calculation method has been used
also for the elasto-plastic analysis when the
geometrically non-linear process is followed by
development of the material nonlinearity as well.
Stiffness matrices are derived using the tangent modulus
which is stress dependent and that follows changes of
the member stiffness in the inelastic field. These
matrices have been implemented in the computer code
ALIN. It should be mentioned that in the analyzed
standards, a critical force in the plastic domain is
determined by the approximate calculation. First, the
critical load is calculated when the buckling occurs in
elastic domain. Then, using the buckling curves that are
defined  through  the  approximate (empirical)
expressions, the critical load in plastic domain is
determined.

The contribution of this analysis is based upon the
calculation algorithm implemented in code ALIN. This
algorithm introduces more accurate calculation of
buckling not only in elastic, but also in the plastic
domain. It allows monitoring of the phenomena of
stability loss of the frame structure in the plastic domain
and direct determination of the critical force at the
moment of buckling.
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REZIME

NELINEARNA ANALIZA STABILNOSTI OKVIRNIH
NOSACA

Stanko CORIC
Stanko BRCIC

U ovom radu istrazivan je fenomen gubitka
stabilnosti okvirnih nosaca u elasto-plasti¢noj oblasti.
Numeri¢ka analiza je sprovedena primenom metode
kona¢nih elemenata. Matrice krutosti su izvedene
koris¢enjem trigonometrijskih interpolacionih funkcija
koje se odnose na ta¢no reSenje diferencijalne jednacine
savijanja Stapa prema teoriji drugog reda. U sluc¢aju kada
se izvijanje konstrukcije deSava u plastiénoj oblasti,
konstantan modul elastiénosti E u matrici krutosti
zamenjen je tangentnim modulom E; koji prati promenu
krutosti Stapa u neelasti¢noj oblasti i funkcija je nivoa
optere¢enja u Stapu. Za potrebe ove analize formiran je
deo racunarskog programa ALIN koji mozZe da se koristi
za elasti€nu i elasto-plastiénu analizu stabilnosti okvirnih
konstrukcija. Program je napisan u C++ programskom
jeziku. Primenom ovog programa omoguéeno je i
odredivanje kriticnog optere¢enja okvirnih nosaca u
elastitnoj i neelastinoj oblasti. U ovom istrazivanju
formiran je i algoritam za proradun duzina izvijanja
pritisnutih Stapova stubova okvirnih nosaca, a koji se
bazira na proracunu globalne analize stabilnosti okvirne
konstrukcije. Rezultati dobijeni primenom ovog algoritma
uporedeni su s reSenjima koja se dobijaju koriSéenjem
evropskih EC3 i domacih JUS standarda za okvirne
Celicne konstrukcije, a koja su pribliznog karaktera. Na
osnovu postupka koji je dat u ovom radu moguce je
prac¢enje fenomena gubitka stabilnosti okvirnog nosac¢a u
plasti¢noj oblasti i direktno odredivanje njegove kriticne
sile u toj oblasti.

Kljuéne reci: stabilnost konstrukcija, okvirni nosaci,
nelinearna analiza, metod konacénih elemenata,
tangentni modul

SUMMARY

NONLINEAR STABILITY ANALYSIS OF THE FRAME
STRUCTURES

Stanko CORIC
Stanko BRCIC

In this paper the phenomenon of instability of frames
in elasto-plastic domain was investigated. Numerical
analysis was performed by the finite element method.
Stiffness matrices were derived using the trigonometric
shape functions related to exact solution of the
differential equation of bending according to the second
order theory. When the buckling of structure occurs in
plastic domain, it is necessary to replace the constant
modulus of elasticity E with the tangent modulus E:..
Tangent modulus is stress dependent function and takes
into account the changes of the member stiffness in the
inelastic range. For the purposes of numerical
investigation in this analysis, part of the computer
program ALIN was created in a way that this program
now can be used for elastic and elasto-plastic stability
analysis of frame structures. This program is developed
in the C++ programming language. Using this program, it
is possible to calculate the critical load of frames in the
elastic and inelastic domain. In this analysis, the
algorithm for the calculation of buckling lengths of
compressed columns of the frames was also
established. The algorithm is based on the calculation of
the global stability analysis of frame structures. Results
obtained using this algorithm were compared with the
approximate solutions from the European (EC3) and
national (JUS) standards for the steel structures. By the
given procedure in this paper it is possible to follow the
behavior of the plane frames in plastic domain and to
calculate the real critical load in that domain.

Key words: stability of structures, frame structures,
nonlinear analysis, finite element method, tangent
modulus
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