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1 Introduction and preliminaries

In the material to be produced here, the following definitions have been used.

Let .�; †/ be a measurable space with † a sigma algebra of subsets of � and

let M be a subset of a metric space .X; d /. We denote by 2X the family of all

subsets of X, by CB.X/ the family of all nonempty closed and bounded subsets

of X, and by H the Hausdorff metric on CB.X/, induced by the metric d . For

any x 2 X and A � X, by d.x; A/ we denote the distance between x and A, that

is, d.x; A/ D inf¹d.x; a/ W a 2 Aº.

A mapping T W � ! 2X is called measurable (respectively, weakly measurable)

if, for any closed (respectively, open) subset B of X, T
�1.B/ D ¹! 2 � W

T .!/ \ B ¤ ;º 2 †. Note that, if T .!/ 2 CB.X/ for every ! 2 �, then T is

weakly measurable if and only if it is measurable.

A mapping �W � ! X is said to be a measurable selector of a measurable

mapping T W � ! 2X if � is measurable and, for any ! 2 �, �.!/ 2 T .!/.

A mapping S W � � X ! X is called a random operator if, for any x 2 X,

T .�; x/ is measurable. A mapping T W � � X ! CB.X/ is called a multivalued

random operator if for every x 2 X , T .�; x/ is measurable. A measurable mapping

�W � ! X is called a random fixed point of a random operator T W � � X ! X

if for every ! 2 �, �.!/ D T .!; �.!//. A measurable mapping �W � ! X is

called a random coincidence of T W � � CB.X/ ! X and S W � � X ! X if
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166 H. K. Nashine

S.!; �.!// 2 T .!; �.!// for all ! 2 �. We denote by F .T / the set of fixed

points of T and by C.S ; T / the set of coincidence points of S and T .

Let X be a linear space. A q-norm on X is a real-valued function k � kq on X

with 0 < q � 1, satisfying the following conditions:

(a) kxkq � 0 and kxkq D 0 iff x D 0,

(b) k�xkq D j�jqkxkq ,

(c) kx C ykq � kxkq C kykq

for all x; y 2 X and all scalars �: The pair .X; k � kq/ is called a q-normed

space. It is a metric space with dq.x; y/ D kx � ykq for all x; y 2 X, defining a

translation invariant metric dq on X. If q D 1, we obtain the concept of a normed

linear space. It is well known that the topology of every Hausdorff locally bounded

topological linear space is given by some q-norm, 0 < q � 1. The spaces lq and

LqŒ0; 1�, 0 < q � 1, are q-normed spaces. A q-normed space is not necessarily

a locally convex space. Recall that, if X is a topological linear space, then its

continuous dual space X
� is said to separate the points of X if for each x ¤ 0

in X, there exists a g 2 X
� such that g.x/ ¤ 0. In this case the weak topology

on X is well-defined. We mention that, if X is not locally convex, then X
� need

not separate the points of X. For example, if X D LqŒ0; 1�, 0 < q < 1, then

X
� D ¹0º [28, pp. 36–37]. However, there are some non-locally convex spaces

(such as the q-normed space lq , 0 < q < 1) whose dual separates the points [15].

Let Lq , 0 < q � 1, be the space of all measurable functions f .t/ on I D Œa; b�

with
R b

a jf .t/jqdt < 1 (we identify functions which are equal almost every-

where). For all f 2 Lq , 0 < q � 1, let the function kf kq be defined by

kf kq D
�

Z b

a

jf .t/jqdt
�

1
q

: (1.1)

This expression is an example of a quasinorm on a topological linear space [15].

Let X be a q-normed space and M a nonempty subset of X. The Hausdorff

metric Hq on CB.X/ induced by the q-norm of X is defined by

Hq.A; B/ D max
®

sup
a2A

dq.a; B/; sup
b2B

dq.A; b/
¯

(1.2)

for all A; B 2 CB.X/, where dq.x; B/ D inf¹kx � ykq W y 2 Bº for each

x 2 X.

Example 1.1 ( [25] ). We will show that the q-th power of the quasi-norm kf kq

in Lq defined by (1.1) is a q-norm on Lq . For each f 2 Lq the q-th power of the
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Random coincidence points, invariant approximation 167

quasi-norm in Lq is defined by

kf kq
q D

Z b

a

jf .t/jqdt: (1.3)

The norm defined by (1.3) is a q-norm on Lq:

(a) For each f 2 Lq , kf kq � 0. If kf k
q
q D 0, then f .t/ D 0 almost every-

where,

(b) kaf k
q
q D

R b
a jaf .t/jqdt D jajq

R b
a jf .t/jqdt D jajqkf k

q
q for all scalars a

and all f 2 Lq ,

(c) kf C gk
q
q D

R b
a jf .t/ C g.t/jqdt �

R b
a jf .t/jqdt C

R b
a jg.t/jqdt � kf k

q
q C

kgk
q
q for all f; g 2 Lq .

Thus all the properties of a q-norm, 0 < q � 1, are satisfied. Hence the q-th power

of the quasi-norm q in Lq is a q-norm on Lq .

A set M is said to have property .N / [14, 23] if

(1) T W M ! CB.M/,

(2) .1�kn/pCknT x � M for some p 2 M and a fixed sequence of real numbers

kn (0 < kn < 1) converging to 1 and for each x 2 M.

Each p-starshaped set has the property .N / with respect to any map T W M !

CB.M/, but the converse does not hold in general.

Let S W M ! X be a single-valued map. A multivalued map T W M ! CB.X/

is said to be an S-contraction if for a fixed constant k, 0 � k < 1, and for all

x; y 2 X

Hq.T .x/; T .y// � kqkS.x/ � S.y/kq:

If k D 1 in the above inequality, then T is called S-nonexpansive. Indeed, if

S D I (the identity map on X), then each S-contraction is a contraction. Let

T W M ! CB.M/. The mapping S W M ! M is said to be T -weakly commuting

if for all x 2 M, SSx 2 T Sx.

A random operator T W � � X ! X is continuous (respectively, nonexpansive,

S-nonexpansive) if, for each ! 2 �, T .!; �/ is continuous (respectively, nonex-

pansive, S-nonexpansive). Let T W � � X ! CB.X/ be a random operator. Then

a random operator S W ��X ! X is T -weakly commuting if S.!; �/ is T -weakly

commuting for each ! 2 �.

Let M be a subset of a normed space X for each x 2 X. Define

PM.x/ D ¹y 2 M W kx � yk D dist.x; M/º;
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168 H. K. Nashine

the set of the best M-approximants to x. The set PM.x/ is always a bounded

subset of X and it is closed or convex if M is closed or convex (see [8]).

Probabilistic functional analysis is an important mathematical discipline be-

cause of its applications to probabilistic models in applied problems. Random

operator theory is needed for the study of various classes of random equations.

The theory of random fixed point theorems was initiated by the Prague school of

probabilistic in the 1950s. The interest in this subject enhanced after the publi-

cation of the survey paper by Bharucha Reid [7]. Random fixed point theorems

for contraction mappings were first studied by Spacek [34] and Hans [11, 12].

Itoh [17–19] gave several random fixed point theorems for various single and mul-

tivalued random operators. Random fixed point theory has received much attention

in recent years (see [2, 26, 27, 36]).

Random coincidence point theorems and random approximations are stochastic

generalizations of classical coincidence point and approximation theorems, and

have application in probability theory and nonlinear analysis. The random fixed

point theory for self-maps and non-self-maps has been developed during the last

decade by various author, (see e.g. [2, 13]). Recently, this theory has been fur-

ther extended for 1-set contractive, nonexpansive, semi-contractive and completely

continuous random maps, etc.

Random fixed point theorems have been applied in many instances in the field

of random best approximation theory and several interesting and meaningful re-

sults have been studied. The theory of approximation has become so vast that it

intersects with every other branch of analysis and plays an important role in the

applied sciences and engineering. Approximation theory is concerned with the

approximation of functions of a certain kind by other functions. In this point of

view, in the year 1963, Meinardus [22] was the first to observe the general princi-

ple and to use a Schauder fixed point theorem for finding a deterministic version of

a fixed point theorem as best approximation. Afterwards, a number of results were

developed in this direction under different conditions following the line made by

Meinardus (see e.g. [8, 30, 31]).

On the other hand, in the year 2000, Shahzad and Latif [32, Theorem 3.2]

proved the random coincidence point, which is further extended by Shahzad and

Nawab [33, Theorem 3.1]. Shahzad and Nawab [33, Theorem 3.8] have also given

the invariant approximation result for single-valued mappings and extended and

complemented the results of Beg and Shahzad [4, 6]. The result of Shahzad and

Latif [32, Theorem 3.2] and Xu [35, Theorem 1] was also generalized and im-

proved by Khan et al. [20, Theorem 3.13], in the sense that the maps S and T

need not be commuting for the existence of random coincidence, T .!; �/ is not

necessarily S.!; �/-nonexpansive, and S is not affine. As application, random in-

variant approximation results have also been obtained for single-valued mappings.
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The purpose of this paper is to generalize the results of Khan et al. [20] for more

generalized nonexpansive mappings in a q-normed space. In this way, related

results of Beg and Shahzad [3–5], Nashine [24], Shahzad and Latif [32], Shahzad

and Latif [33] and Xu [35] are improved and generalized for multivalued random

operators in a q-normed space. Incidently, these results also give a multivalued

random version as generalization of Dotson [9], Nashine [25], Sahab et al. [29]

and Singh [30, 31] and many more related results in a q-normed space.

The following result is also needed in the sequel.

Theorem 1.2 ( [10] ). Let .X; d / be a complete separable metric space, let .�; †/

be a measurable space, and let T W � � X ! CB.X/ and S W � � X ! X be

mappings such that

(i) T .!; �/, S.!; �/ are continuous for all ! 2 �,

(ii) T .!; �/, S.!; �/ are measurable for all x 2 X,

(iii) they satisfy, for each ! 2 �,

H .T .!; x/; T .!; y//

� ˛.!/ max
®

d.S.!; x/; S.!; y//;

d.S.!; x/; T .!; x//; d.S.!; y/; T .!; y//;

1

2

�

d.S.!; x/; T .!; y// C d.S.!; y/; T .!; x//
�¯

C ˇ.!/ max
®

d.S.!; x/; T .!; x//; d.S.!; y/; T .!; y//
¯

C 
.!/
�

d.S.!; x/; T .!; y// C d.S.!; y/; T .!; x//
�

for every x; y 2 X, where ˛; ˇ; 
 W � ! Œ0; 1/ are measurable mappings

such that for all ! 2 �, ˇ.!/ > 0, 
.!/ > 0, ˛.!/ C ˇ.!/ C 2
.!/ D 1.

If S.��X/ D X for each ! 2 �, then there is a measurable mapping �W � ! X

such that S.!; �.!// 2 T .!; �.!// for all ! 2 � (i.e., T and S have a random

coincidence point).

2 Results on random coincidence points and common random fixed

points

In the following, random coincidence point and common random fixed point the-

orems for multivalued random operator are presented.
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170 H. K. Nashine

Theorem 2.1. Let .�; †/ be a measurable space, let M be a nonempty subset of

a q-normed space X, and let S W � � M ! M be a random operator such that

S.!; M/ D M for each ! 2 �. Assume that T W ��M ! CB.M/ is a continuous

random operator that satisfies, for each ! 2 �, x; y 2 M and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kS.!; x/ � S.!; y/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1

2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

C
h1 � .k.!//q

2.k.!//q

i

max
®

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//
¯

C
h1 � .k.!//q

4.k.!//q

i

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�

;

(2.1)

where kW � ! .0; 1/ are measurable mappings. Suppose that M has the property

.N /. Then S and T have a random coincidence point if one of the following

conditions is satisfied:

1. M is separable compact and S is continuous,

2. X is a Banach space, M is separable weakly compact, S is weakly continuous

and .S � T /.!; �/ is demiclosed at 0,

3. X is a Banach space, M is separable weakly compact, T is completely contin-

uous and S is continuous,

4. M is separable complete, T .M/ is bounded and .S � T /.M/ is closed.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/;

and if S is a T -weakly commuting random operator, then T and S have a common

random fixed point.

Proof. Choose a fixed sequence of measurable mappings knW � ! .0; 1/ such

that kn.!/ ! 1 as n ! 1. For n � 1, define a sequence of random operators

TnW � � M ! CB.M/ as

Tn.!; x/ D kn.!/T .!; x/ C .1 � kn.!//p (2.2)
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for all x 2 M. Then, each Tn is a well-defined map from M into CB.M/ and

! 2 � as M has property .N /. It follows from (2.1) and (2.2) that

Hq.Tn.!; x/; Tn.!; y// D Œkn.!/�qHq.T .!; x/; T .!; y//

� Œkn.!/�q max
®

kS.!; x/ � S.!; y/kq;

1

2

�

kS.!; x/ � Tn.!; y/kq C kS.!; y/ � Tn.!; x/kq

�¯

C
h1 � .kn.!//q

2

i

max
®

kS.!; x/ � Tn.!; x/kq; kS.!; y/ � Tn.!; y/kq

¯

C
h1 � .kn.!//q

4

i

�

kS.!; x/ � Tn.!; y/kq C kS.!; y/ � Tn.!; x/kq

�

for all x; y 2 M and ! 2 �. Note that for all ! 2 �,

�1 � kn.!/

2

�q
> 0;

�1 � .kn.!//q

4

�

> 0

and

.kn.!//q C
�1 � .kn.!//q

2

�

C 2
�1 � .kn.!//q

4

�

D 1

for each n.

1. Since M is compact, all conditions of Theorem 1.2 are satisfied on M and so,

there exists a coincidence random fixed point �n of Tn and S such that we have

Sn.!; �n.!// 2 T .!; �n.!//.

For each n, define GnW � ! C.M/ by

Gn D cl¹�i .!/ W i � nº;

where C.M/ is the set of all nonempty compact subsets of M. Let G W � !

CB.M/ be the mapping defined as G .!/ D
T

1

nD1 Gn.!/. Himmelberg [13, The-

orem 4.1] implies that G is measurable. The Kuratowski and Ryll-Nardzewski se-

lection theorem [21] further implies that G has a measurable selector �W � ! M.

We show that � is the random fixed point of T and S . Fix ! 2 �. Since �.!/ 2

G .!/, there exists a subsequence ¹�m.!/º of ¹�n.!/º that converges to �.!/, that

is, �m.!/ ! �.!/. Also, for every ! 2 �, since �m.!/ 2 Tm.!; �m.!//, we have

Tm.!; �m.!// D km.!/T .!; �m.!// C .1 � km.!//p ! T .!; �.!//

as km.!/ ! 1, and Hq.T .!; �m.!//; T .!; �.!/// ! 0 for every ! 2 �. Now,

k�.!/ � T .!; �.!//kq � k�.!/ � �m.!/kq C k�m.!/ � T .!; �.!//kq

� k�.!/ � �m.!/kq C Hq.Tm.!; �m.!//; T .!; �.!///

! 0
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172 H. K. Nashine

as m ! 1, for every ! 2 �. Since T .!; �.!// is closed for each ! 2 �, we

have �.!/ 2 T .!; �.!//. Also, from the continuity of S , we have

S.!; �.!// D S.!; lim
m!1

�m.!// D lim
m!1

S.!; �m.!//

D lim
m!1

�m.!/ D �.!/:

If S is T -weakly commuting at �.!/ 2 C.S ; T /, then S.!; S.!; �.!/// D

T .!; S.!; �.!///, and hence

S.!; �.!// D S.!; S.!; �.!/// 2 T .!; S.!; �.!///:

Thus F .S/ \ F .T / ¤ ;.

2. Since the weak topology is Hausdorff and M is weakly compact, it follows that

M is strongly closed and is a complete metric space. Thus by weak continuity of S

and Theorem 1.2, there exists a random fixed point � of Tn such that S.!; �n.!// 2

Tn.!; �n.!// for each ! 2 �. By the definition of T .!; �n.!//, there is a �n.!/ 2

T .!; �n.!/.

For each n, define GnW � ! WC.M/ by

Gn D w-cl¹�i .!/ W i � nº;

where WC.M/ is the set of all nonempty weakly compact subsets of M and w-cl

denotes the weak closure. Define a mapping G W � ! WCB.M/ by

G .!/ D

1
\

nD1

Gn.!/:

Because M is weakly compact and separable, the weak topology on M is a metric

topology. Then Himmelberg [13, Theorem 4.1] implies that G is w-measurable.

The Kuratowski and Ryll-Nardzewski selection theorem [21] further implies that

G has a measurable selector �W � ! M. We show that � is the random fixed point

of T . Fix ! 2 �. Since �.!/ 2 G .!/, there exists a subsequence ¹�m.!/º of

¹�n.!/º that converges weakly to �.!/, that is, �m.!/ ! �.!/.

Now, from weak continuity of S , we have

S.!; �m.!// � �m.!/ D kn.!/�m.!/ C .1 � kn.!//p � �m.!/

D .1 � km.!//.p � �m.!//:

Since M is bounded and km.!/ ! 1, it follows that

kS.!; �m.!// � �m.!/kq ! 0:
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Now,

ym D S.!; �m.!// � �m.!// D .S � T /.!; �m.!//

and ym ! 0. Since .S � T /.!; �/ is demiclosed at 0, we have 0 2 .S �

T /.!; �.!//. This implies that S.!; �.!// 2 T .!; �.!//. As in the proof of

1., this implies F .S/ \ F .T / ¤ ;:

3. As in 2., there exists a random fixed point �n of Tn such that

�n D S.!; �n.!// D Tn.!; �n.!// for each ! 2 �:

For each n, define GnW � ! WC.M/ by Gn D w-cl¹�i .!/ W i � nº, where

WC.M/ is the set of all nonempty weakly compact subsets of M and w-cl de-

notes the weak closure. Defined a mapping G W � ! WCB.M/ by G .!/ D
T

1

nD1 Gn.!/. Because M is weakly compact and separable, the weak topology on

M is a metric topology. Then Himmelberg [13, Theorem 4.1] implies that G is w-

measurable. The Kuratowski and Ryll-Nardzewski selection theorem [21] further

implies that G has a measurable selector �W � ! M. We show that � is the ran-

dom fixed point of T . Fix ! 2 �. Since �.!/ 2 G .!/, there exists a subsequence

¹�m.!/º of ¹�n.!/º that converges weakly to �.!/, that is, �m.!/ !w �.!/.

Since T is completely continuous, T .!; �m.!// ! T .!; �.!// as m ! 1.

Since km.!/ ! 1, we get

�m.!/ D .1 � km/q C kmT .!; �m.!// D T .!; �.!//:

Thus T .!; �m.!// ! T
2.!; �.!// as m ! 1 and consequently T

2.!; �.!// D

T .!; �.!// implies that T .!; �.!// D �.!/, where �.!/ D T .!; �.!//. But,

since

S.!; �m.!// D �m.!/ ! T .!; �.!// D �.!/;

using the continuity of S and the uniqueness of the limit, we have

S.!; �.!// D �.!/:

Hence

S.!; �.!// D T .!; �.!// D �.!/:

4. By Theorem 1.2, for each n � 1, there exists �n.!/ 2 M such that S.!; �n.!//

2 Tn.!; �n.!// for each ! 2 �. This implies that there is a �n.!/ 2 T .!; �n.!/

such that

S.!; �n.!// � �n.!/ D kn.!/�n.!/ C .1 � kn.!//p � �n.!/

D .1 � kn.!//.p � �n.!//:
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174 H. K. Nashine

Since T .M/ is bounded and kn.!/ ! 1, it follows that

kS.!; �m.!// � �m.!/kq ! 0 as n ! 1:

As .S � T /.!; �/ is closed, we have 0 2 .S � T /.!; �.!//. This implies that

S.!; �.!// 2 T .!; �.!//. As in the proof of 1., this implies F .S/ \ F .T / ¤ ;.

If in Theorem 2.1, S.!; x/ D x for all .!; x/ 2 � � M, then we get the

following random fixed point theorem.

Corollary 2.2. Let .�; †/ be a measurable space, let M be a nonempty subset

of a q-normed space X and let T W � � M ! CB.M/ be a continuous random

operator that satisfies, for each ! 2 �, x; y 2 M and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kx � ykq; dist.x; T�.!; x//; dist.y; T�.!; y//;

1

2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

C
h1 � .k.!//q

2.k.!//q

i

max
®

dist.x; T�.!; x//; dist.y; T�.!; y//
¯

C
h1 � .k.!//q

4.k.!//q

i

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�

; (2.3)

where kW � ! .0; 1/ are measurable mappings. Suppose that M has the property

.N /, then there exists a measurable map �W � ! M such that �.!/ 2 T .!; �.!//

if one of the following conditions is satisfied:

1. M is separable compact,

2. X is Banach space, M is separable weakly compact, and .I � T /.!; �/ is

demiclosed at 0, where I is the identity operator,

3. X is Banach space, M is separable weakly compact, T is completely continu-

ous,

4. M is separable complete, T .M/ is bounded and .I � T /.M/ is closed, where

I is the identity operator.

Corollary 2.3. Let .�; †/ be a measurable space, let M be a nonempty subset

of a q-normed space X, and let S W � � M ! M be a random operator such

that S.!; M/ D M for each ! 2 �. Assume that T W � � M ! CB.M/ is
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Random coincidence points, invariant approximation 175

a continuous random operators that satisfies, for each ! 2 �, x; y 2 M and

� 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kS.!; x/ � S.!; y/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1

2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

: (2.4)

Suppose that M has the property .N /, then S and T have a random coincidence

point under each of the conditions of Theorem 2.1.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/, and if S is a T -weakly commuting random operator,

then T and S have a common random fixed point.

If in Corollary 2.3, S.!; x/ D x for all .!; x/ 2 � � M, then we obtain the

following random fixed point theorem.

Corollary 2.4. Let .�; †/ be a measurable space, let M be a nonempty subset

of a q-normed space X and let T W � � M ! CB.M/ be a continuous random

operator that satisfies, for each ! 2 �, x; y 2 M and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kx � ykq; dist.x; T�.!; x//; dist.y; T�.!; y//;

1

2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

: (2.5)

Then there exists a measurable map �W � ! M such that �.!/ 2 T .!; �.!//

under each of the conditions of Corollary 2.2.

3 Results on random invariant approximation

As application of Theorem 2.1, we have the following results on random invariant

approximation.

Theorem 3.1. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X, let S W � � M ! M and let T W � � M ! CB.M/ be continuous.

Suppose that
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176 H. K. Nashine

(a) T and S satisfy for all x; y 2 PM.x0/, for all ! 2 � and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kS.!; x/ � S.!; x0/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1

2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

C
h1 � .k.!//q

2.k.!//q

i

max
®

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//
¯

C
h1 � .k.!//q

4.k.!//q

i

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�

;

(3.1)

where kW � ! .0; 1/ are measurable mappings,

(b) PM.x0/ is nonempty and has the property .N /,

(c) PM.x0/ is both T -invariant and S-invariant.

Then PM.x0/ \ C.S ; T / ¤ ; if one of the following conditions is satisfied:

1. PM.x0/ is separable compact and S is continuous,

2. X is a Banach space, PM.x0/ is separable weakly compact, S is weakly con-

tinuous and .S � T /.!; �/ is demiclosed at 0,

3. X is a Banach space, PM.x0/ is separable weakly compact, T is completely

continuous and S is continuous,

4. PM.x0/ is separable complete, T .M/ is bounded and .S � T /.M/ is closed.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/, and if S is a T -weakly commuting random operator,

then PM.x0/ \ F .S/ \ F .T / ¤ ;.

Proof. Since PM.x0/ is both T -invariant and S-invariant, it follows that S W � �

PM.x0/ ! PM.x0/, T W � � PM.x0/ ! CB.PM.x0//. The results now follow

from Theorem 2.1.

Theorem 3.2. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X, let S W � � M ! M and T W � � M ! CB.M/ be such that

T .!; �/W @M \ M ! M, where @M stands for the boundary of M. Let x0 2 X

and S.!; x0/ 2 T .!; x0/ D ¹x0º, ! 2 �. Suppose that
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(a) T and S satisfy for all x 2 PM.x0/ [ ¹x0º, for all ! 2 � and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

�

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

kS.!; x/ � S.!; x0/kq if y D x0;

max¹kS.!; x/ � S.!; y/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1
2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

C
�1�.k.!//q

2.k.!//q

�

max
®

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//
¯

C
�1�.k.!//q

4.k.!//q

��

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//�;

if y 2 PM.x0/; (3.2)

where kW � ! .0; 1/ are measurable mappings,

(b) PM.x0/ is nonempty and has the property .N /,

(c) S.!; PM.x0// D PM.x0/, i.e., PM.x0/ is S-invariant.

Then PM.x0/ \ C.S ; T / ¤ ;, under each of the conditions of Theorem 3.1.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/;

and if S is a T -weakly commuting random operator, then

PM.x0/ \ F .S/ \ F .T / ¤ ;:

Proof. Let y 2 PM.x0/. Then

ky � x0kq D dist.x; M/:

Note that for any t .!/ 2 .0; 1/,

kt .!/x0 C .1 � t .!//y � x0kq D Œ1 � t .!/�qky � x0kq < dist.x0; M/:

It follows that the line segment ¹t .!/x0 C .1 � t .!//y W 0 < t.!/ < 1º and the

set M are disjoint. Thus y is not in the interior of M and so y 2 @M \ M. Since

T .@M \ M/ � M, T x must be in M. Let z 2 T .!; y/.

kz � x0kq � Hq.T .!; y/; T .!; x0//

� kS.!; y/ � S.!; x0/kq

D kS.!; y/ � x0kq D dist.x0; M/:
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Now z 2 M and S.!; y/ 2 PM.x0/ imply z 2 PM.x0/. Thus T .!; PM.x0// �

PM.x0/. Hence T maps PM.x0/ into CB.PM.x0//. Thus, the result follows

from Theorem 2.1.

Define

C
S

M
.x0/ D ¹x 2 M W Sx 2 PM.x0/º

and (see [1])

D
S

M
.x0/ D PM.x0/ \ C

S

M
.x0/:

Theorem 3.3. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X, let S W � � M ! M and T W � � M ! CB.M/ be such that

T .!; �/W @M \ M ! M, where @M stands for the boundary of M. Let x0 2 X

and S.!; x0/ 2 T .!; x0/ D ¹x0º, ! 2 �. Suppose that

(a) T and S satisfy for all x 2 D
S

M
.x0/.D D/ [ ¹x0º, for all ! 2 � and

� 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

�

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

kS.!; x/ � S.!; x0/kq if y D x0;

max¹kS.!; x/ � S.!; y/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1
2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

C
�1�.k.!//q

2.k.!//q

�

max
®

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//
¯

C
�1�.k.!//q

4.k.!//q

��

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//�;

if y 2 D ; (3.3)

where kW � ! .0; 1/ are measurable mappings,

(b) D is nonempty and has the property .N /,

(c) S.!; D/ D D , i.e., D is S-invariant,

(d) S is nonexpansive on PM.x0/ [ ¹x0º.

Then PM.x0/ \ C.S ; T / ¤ ; under each of the conditions of Theorem 3.1.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/, and if S is a T -weakly commuting random operator,

then PM.x0/ \ F .S/ \ F .T / ¤ ;.
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Proof. Let y 2 D , then S.!; y/ 2 D , since S.!; D/ D D for each ! 2 �.

Also, if y 2 @M then T .!; y/ 2 M, since T .!; @M/ � M for each ! 2 �. Let

z 2 T .!; y/, then

kz � x0kq � Hq.T .!; y/; T .!; x0/

� kS.!; y/ � S.!; x0/kq

D kS.!; y/ � x0kq D dist.x0; M/:

Now z 2 M and S.!; y/ 2 PM.x0/ imply z 2 PM.x0/. This implies that

T .!; y/ is also closest to x0, hence T .!; y/ 2 PM.x0/. Consequently, PM.x0/ is

T .!; �/-invariant, that is, T .!; �/ � PM.x0/. As S is nonexpansive on PM.x0/[

¹x0º, we have for each ! 2 �

kST .!; y/ � x0kq D kST .!; y/ � S.!; x0/kq � kT .!; y/ � x0kq

D kT .!; y/ � T .!; x0/kq � kS.!; y/ � S.!; x0/kq

D kS.!; y/ � x0kq:

Thus, ST .!; y/ 2 PM.x0/. This implies that T .!; y/ 2 C
S

M
.x0/ and hence

T .!; y/ 2 D . So, T maps PM.x0/ into CB.PM.x0// and S.!; �/ is a self-map

on D . Hence, all the conditions of the Theorem 3.1 are satisfied. Thus, there exists

a measurable map �W � ! D such that

�.!/ D T .!; �.!// D S.!; �.!// for each ! 2 �:

If in Theorem 3.1, Theorem 3.2 and Theorem 3.3 S.!; x/ D x for all .!; x/ 2

� � PM.x0/, then we get the following random best approximation theorem.

Corollary 3.4. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X, let T W ��M ! CB.M/ satisfy for all x; y 2 PM.x0/, for all ! 2 �

and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kx � ykq; dist.x; T�.!; x//; dist.y; T�.!; y//;

1

2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

C
h1 � .k.!//q

2.k.!//q

i

max
®

dist.x; T�.!; x//; dist.y; T�.!; y//
¯

C
h1 � .k.!//q

4.k.!//q

i

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�

; (3.4)

where kW � ! .0; 1/ are measurable mappings. If PM.x0/ is nonempty and has

the property .N / and PM.x0/ is T -invariant, then PM.x0/ \ F .T / ¤ ; under

each of the conditions of Theorem 3.1.
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180 H. K. Nashine

Corollary 3.5. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X and let T W � � M ! CB.M/ be such that T .!; �/W @M \ M ! M,

where @M stands for the boundary of M. Let x0 2 X and T .!; x0/ D ¹x0º for

all ! 2 �. Suppose that T satisfies for all x 2 PM.x0/ [ ¹x0º, for all ! 2 � and

� 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

�

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

kx � x0kq if y D x0;

max¹kx � ykq;

dist.x; T�.!; x//; dist.y; T�.!; y//;

1
2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

C
�1�.k.!//q

2.k.!//q

�

max
®

dist.x; T�.!; x//; dist.y; T�.!; y//
¯

C
�1�.k.!//q

4.k.!//q

��

dist.x; T�.!; y// C dist.y; T�.!; x//
�

;

if y 2 PM.x0/; (3.5)

where kW � ! .0; 1/ are measurable mappings. If PM.x0/ is nonempty and has

the property .N /. Then PM.x0/ \ F .T / ¤ ; under each of the conditions of

Corollary 3.4.

Corollary 3.6. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X and let T W � � M ! CB.M/ be such that T .!; �/W @M \ M ! M,

where @M stands for the boundary of M. Let x0 2 X and T .!; x0/ D ¹x0º for

all ! 2 �. Suppose that T satisfies for all x 2 D [ ¹x0º, for all ! 2 � and

� 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

�

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

kx � x0kq if y D x0;

max¹kx � ykq;

dist.x; T�.!; x//; dist.y; T�.!; y//;

1
2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

C
�1�.k.!//q

2.k.!//q

�

max
®

dist.x; T�.!; x//; dist.y; T�.!; y//
¯

C
�1�.k.!//q

4.k.!//q

��

dist.x; T�.!; y// C dist.y; T�.!; x//
�

;

if y 2 D ; (3.6)
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where kW � ! .0; 1/ are measurable mappings. If D is nonempty and has the

property .N /, then PM.x0/ \ F .T / ¤ ; under each of the conditions of Theo-

rem 3.1.

Corollary 3.7. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X, let S W � � M ! M and T W � � M ! CB.M/. Suppose that T and

S satisfy for all x; y 2 PM.x0/, for all ! 2 � and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kS.!; x/ � S.!; x0/kq;

dist.S.!; x/; T�.!; x//; dist.S.!; y/; T�.!; y//;

1

2

�

dist.S.!; x/; T�.!; y// C dist.S.!; y/; T�.!; x//
�¯

: (3.7)

If PM.x0/ is nonempty and has the property .N / and if PM.x0/ is both T -

invariant and S-invariant, then PM.x0/ \ C.S ; T / ¤ ; under each of the condi-

tions of Theorem 3.1.

Moreover, if for each ! 2 � and any x 2 M, S.!; x/ 2 T .!; x/ implies

S.!; S.!; x// D S.!; x/, and if S is a T -weakly commuting random operator,

then PM.x0/ \ F .S/ \ F .T / ¤ ;.

Corollary 3.8. Let .�; †/ be a measurable space, let M be a subset of a q-normed

space of X and let T W � � M ! CB.M/ satisfy for all x; y 2 PM.x0/, for all

! 2 � and � 2 Œ0; 1�

Hq.T .!; x/; T .!; y//

� max
®

kx � x0kq; dist.x; T�.!; x//; dist.y; T�.!; y//;

1

2

�

dist.x; T�.!; y// C dist.y; T�.!; x//
�¯

: (3.8)

If PM.x0/ is nonempty and has the property .N / and if PM.x0/ is T -invariant,

then PM.x0/ \ F .T / ¤ ; under each of the conditions of Corollary 3.4.
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