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Abstract An unprecedented upsurge of COVID-19-positive cases and deaths is currently
being witnessed across India. According to WHO, India reported an average of 3.9 lakhs
of new cases during the first week of May 2021 which equals 47% of new cases reported
globally and 276 daily cases per million population. In this letter, the concept of SIR and
fractal interpolation models is applied to predict the number of positive cases in India by
approximating the epidemic curve, where the epidemic curve denotes the two-dimensional
graphical representation of COVID-19-positive cases in which the abscissa denotes the time,
while the ordinate provides the number of positive cases. In order to estimate the epidemic
curve, the fractal interpolation method is implemented on the prescribed data set. In particular,
the vertical scaling factors of the fractal function are selected from the SIR model. The
proposed fractal and SIR model can also be explored for the assessment and modeling of
other epidemics to predict the transmission rate. This letter investigates the duration of the
second and third waves in India, since the positive cases and death cases of COVID-19
in India have been highly increasing for the past few weeks, and India is in a midst of a
catastrophizing second wave. The nation is recording more than 120 million cases of COVID-
19, but pandemics are still concentrated in most states. In order to predict the forthcoming
trend of the outbreaks, this study implements the SIR and fractal models on daily positive
cases of COVID-19 in India and its provinces, namely Delhi, Karnataka, Tamil Nadu, Kerala
and Maharashtra.

1 Introduction

The World Health Organization (WHO) received the report of unexplained lung fever for
the population of patients from Wuhan, China at the end of December 2019. Within next ten
days, WHO confirmed that the communicable agent was an RNA virus of the Corona viridine
family, declared to be a closely related species of the virus [1]. This led to the outbreak of
Severe Acute Respiratory Syndrome (SARS) in 2002-2004 and the Middle East Respiratory
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Syndrome (MERS) in 2012; however, this is new virus. The virus appears to have transmitted
to people from a creature host (in this occasion, a bat) by attaining some new transformations.
Formally known as SARS-CoV-2 and informally the novel corona virus 2019 (COVID-19),
this virus causes a whole new respiratory disease. The COVID-19 pandemic has informed us
how important it is to build a scientific temperament and propagate scientific culture in order
to tackle a pandemic of this scale. The knowledge gained in this way helps us to understand
the fundamentals of disease dynamics and to make progress in treating and preventing it.
The second wave started in September 2020, and it is much steeper than the first wave. This
is a combination of a large number of asymptomatic people and more infectious variant of
the virus, suitable for indoor people. It is also constantly infected with viruses. For example,
according to data from the Centers for Disease Control and Prevention (CDC) in the USA, a
large proportion of British strains detected during genome surveillance in Delhi have a 50%
higher infection rate. In the second wave, positive cases and death cases of COVID-19 in India
have been skyrocketing for the past few weeks, and India is in a midst of a catastrophizing
second wave. The nation is recording more than 120 million cases of COVID-19; however,
pandemics are not still reduced in most states. The states of India are interconnected so there
are increasing chances of the virus spreading from one person to another person when social
distance goes down. This is why states such as Delhi, Karnataka, Tamil Nadu, Kerala, and
Maharashtra are mostly affected by the second wave.

Other than human factors, the evolution of corona virus is among the significant reasons
behind the subsequent waves. Researchers have identified various transformations in the
SARS-CoV-2, the corona virus that causes COVID-19. It is necessary to gain a deeper
understanding of mutant strains and their pathogenicity by performing genomic sequences of
more samples. Similarly, predicting the underlying transmission of the outbreak and analyzing
the viability of control measures are urgent in evaluating the prospects for proceeding with
transmission in fresher areas. This requires following the course of the pandemic to have the
option to anticipate its rise for a superior reaction. In order to predict the dynamics of virus
spread, numerous research works on COVID-19 have recently been proposed [13—-19]. The
dynamic evolution of the virus spread during the first wave as well as the second wave is
investigated by SIR model (see [20-25]). The fractal-based models for COVID-19 pandemic
have recently been investigated [8,9,14]. In particular, the fractal interpolation with fixed
scaling factor is explored in [8] and optimal scaling factor is described in [9]. Usually, the
free parameters named scaling factors have a decisive influence on the pattern of the fractal
interpolation functions. Hence, in this model, the linear fractal interpolation is applied to
predict the transmission rate by choosing the scaling factor from the SIR model. That is, the
vertical scaling factors of fractal interpolant are generated by the SIR model according to the
evolution of the epidemic curve. Further, the effective reproduction number is assessed which
gives the number of new cases produced by an infected individual among the healthy persons.

This letter is organized as follows: Sect. 2 describes the mathematical formulation of
fractal interpolation method and SIR model. The results of transmission rate prediction,
effective reproduction number obtained in the proposed method and their interpretation are
elaborately discussed in Sect. 3. Further, peak period of the second and third waves in India
is elucidated in Sect. 3. The concluding remarks of the this study are narrated in Sect. 4.

2 Mathematical formulation and development of model

The fractal interpolation method is discovered based on the iterated function system which
was made by visualizing the object of the world as a fractal. The basic focus of interpolation
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is the prediction of an unknown function in a given range from its accessibility in some set
of finite points, thereby connecting the discrete system with the continuous system. More-
over, the choice of vertical scaling factors in fractal interpolation method provides a finest
interpolant. That is to say, fractal interpolation also generates a classical interpolation by
taking all the scaling factors as zero, whereas choosing of large value (close to 1) of scaling
factors provides irregularity in the interpolant. In other words, fractal interpolations are not
only replacing a classical interpolation scheme, whereas a new one but with a more versatile
scheme recuperates the classical method. On the other hand, various mathematical models
have been applied in communicable disease epidemiology for understanding the dynamics
of epidemics and predicting consequences, thereby executing the effective strategies to con-
trol the outbreak. Among all, the SIR model is one of the most commonly executed models
which is the foundation for other models; peoples within a society move between three major
sections, namely Susceptible, Infected and Recovered as a virus spreads from individual to
another individual [20,22-25]. In order to provide the effective prediction of the epidemic
curve, this study utilizes the infection rate as the scaling factors in the fractal interpolation
method. With this note, hereinafter, let us discuss the mathematical background applied in
this study. Interested readers are requested to visit [2,6-8,20,22-25].

2.1 Fractal interpolation method

The number of positive cases of COVID-19 can be considered as a time series (¢, p(t,)),
where p(t,) denotes the number of positive cases at the time #,,. Usually, in epidemic analysis,
the positive cases are observed day-wise, so here time is considered as a day. Thus, in order
to predict the value of p(#,) corresponding to t,, this study applied the fractal interpolation
method. Leta given set of interpolation data {(t,,, p(¢,)) € [t1,tn] x R:n=1,2,3,..., N}.
The following process explains the construction of an iterated function system (IFS) in R?
such that its attractor is the graph of the function which passes through the given data.
Let I = [, tn], In = [xn, Xp41], forn = 1,2,..., N — 1 and define N — 1 contraction
homeomorphisms L, : I — I, such that

Ly(t1) = xp, Ly(tn) = Xpy1. (n

For a suitable compact set X of I x R, let F,, : X — R be the N — 1 continuous mappings
such that

Fy(x1, p(t) = p(ty), Fu(tn, p(tn)) = p(tat1), 2)

and for some k, € (0,1),n € {1,2,..., N — 1}, F, is a contractions with respect to p(t).
Forn=1,2,...,N — 1, define f,, : K — I, x Rby

Ju(@, p(1)) = (Ly (), Fu(t, p(1))). 3)

Define the iterated function system (IFS)
(X; fu:n=1,2,...,N —1}. )

Associated with the IFS (4), there is a set-valued map W : H(X) — H(X) defined by
W(B) = UWN;II fn(B), for any B € H(X), set of all non-empty compact subsets of X.
The Hausdorff metric, H; (A, B) = max{maX,c4 minyep d(a, b), maxpep minge4 d(b, a)},
completes H(X), since X is complete. It is well known that there exists a metric d on R2,
equivalent to the Euclidean metric, with respecttod, f,,n = 1,2, ..., N —1 are contractions
[6,7] . As a consequence, W is contraction on H(X); hence, by the theory of IFS, W has
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a unique compact set Gy such that Gy = W(Gy) where G := {(t, f(¢)) : t € I} is
the graph of a continuous function f : I — R which passes through the given data; thus,
f(ty) = f(p(ty)) forn =1, ..., N. The continuous function f whose graph is the attractor
of an IFS (4) is known as the fractal interpolation function (FIF) associated with the given
data set {(#,, p(t,)) € I x R:n =1,..., N}. In this study, the linear fractal interpolation
function (FIF) is applied for estimating the epidemic curve. To generate linear FIF, let us
consider the IFS {[#1, ty] X R; f, :n=1,2,..., N — 1}, where

# ()= (@) () () 0

forn = 1,2,..., N — 1. It is known that f,, maps the endpoints of given data, i.e.,

(11, p(11)), (tn, p(tn)), to the endpoints of each subinterval, i.e., (tn, p(12)), (tat1, P(tat1)),
respectively. Hence, the mapping f; has constrained as

tl _ tn tn _ tn+l
Jn (p(t1)> N <p(tn)> and fu (p(tn)> N (p(tn+1)>

foralln =1,2,..., N — 1. These constrains gives the following system of linear equation

anty + by =ty antny + by = thy1s Cntl + Olnp(tl) +b, = p(tn); CplN (6)
+oa,p(tn) + by = p(thsr)

foralln=1,2,...,N — 1. Wesay o = (an)ﬁyz_ll is a scale vector. If o, is a free parameter

in the above system of liner equation, then it gives a unique solution. Hence, a,,, b,, c¢;,, dy,
can be uniquely determined by the following equations

In+1 —In .
an = N —1) ;
b, = INIp — Hipg1 |
IN — 1
_ pl) = p) — en(plan) = p(t) @
IN— 1
d, = (N ptn) — 1 p(tn1)) — an(inp(t) — IIP(IN)).
IN—11

The free parameters o, have a decisive influence on the pattern of the fractal interpolation
function generated by the IFS [6,7]. Hence, in this model, the linear fractal interpolation is
applied to estimate the epidemic curve by choosing the scaling factor from the SIR model as
explained in the next section.

2.2 SIR model

The Susceptible—Infected—Recovered (SIR) model is formulated for epidemiology models
which present the terminology, notation, and standard outcomes. Epidemic model is utilized to
portray rapid outbreaks that happen in less than one year, while the endemic model is utilized
for examining infections over prolonged periods, during which there is a reestablishment
of defenseless by births or recuperation from transitory immunity. The classic SIR model
gives a natural premise to seeing more intricate epidemiology modeling results [2]. The
model equations of SIR, where S, I, and R stand for the number of susceptible, infected, and
removed individuals (either recovered or died), respectively, are defined as follows:
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Susceptible

N

Fig. 1 The schematic diagram of the SIR and fractal model

ds —B

— = —1S, 8
dt N ®
ar_ ey )
dt ~ N v
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where 7 is the time, N is the size of the total population, the number of susceptible individuals
is denoted as S(¢), the number of infected individuals is given by 7(¢), and the number of
recovered individuals at time ¢ is symbolized as R(¢). Further, the estimation parameters
B, y are the infection rate and recovery rate, respectively. In this work, the vertical scaling
factors of the fractal interpolation function are obtained as the average infectious period from
the SIR model to estimate the number of positive cases p(t,) at the time #,. The process of
proposed model is given in the schematic diagram Fig. 1.

3 Results and discussion

The data set of COVID-19 is obtained from the Indian government official website
(https://www.mygov.in/covid-19/), and it is a data portal providing daily updated information
of COVID-19 in India [12]. This data portal is developed and hosted by National Informatics
Centre, Ministry of Electronics & Information Technology, Government of India. This study
deals the prediction of the transmission rate of COVID-19 based on fractal interpolation
method and SIR model. In this study, we have selected the data set of daily positive cases of
COVID-19 in most affected (more than 10 lakhs positive cases) five states of India, namely
Delhi, Karnataka, Tamil Nadu, Kerala, and Maharashtra [12]. The data set has been accessed
at the end of the day on April 30, 2021. More than a year has passed since the deadly corona
virus infects people in India, and even after several efforts to control its spread, the second
wave of the virus spread is now like a wildfire in the nation. As per the obtained data in [12],
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Fig. 2 The evolution of the total number of positive cases as the epidemic curve from March 2020 to April
2021 for India and its states

India recorded 1,91,56,271 positive cases, the country with the second highest COVID-19
damaged across the world. Besides, Delhi, the capital of India, registered 11,49,333 cases,
Karnataka reported 15,23,142 cases, Tamil Nadu showed 11,66,756 cases, Kerala attained
15,71,184, and Maharashtra registered the highest positive cases in India as 46,02,472. The
evolution of the total number of positive cases from March 14, 2020, to April 30, 2021, with
respect to time is graphically displayed in Fig. 2. Observed from Fig. 2a, b, the second wave
of corona spread started during the first week of March 2021 in India and its provinces.
The threshold measure for many epidemiology models is the reproduction number R,
which is defined as the average number of secondary infections produced when one infected
person is introduced into a host population where everybody is susceptible. The reproduction
number R is often considered as the threshold quantity that determines when an infection
can attack and persist in a new host population [2]. Time-varying reproduction number can
be calculated using time series of the infections and generation time distribution by Cori
et al in [3]. In this study, effective reproduction number by the approach developed in [4]
is obtained from the MATLAB software in which the MATLAB translation of R function
estimate_R estimates the reproduction number of an epidemic from the package EpiEstim
[5]. The mean reproduction number is estimated for span of 7 days throughout the outbreak
and 95% credible interval obtained from the incidence data. Also, we fixed the mean serial
interval as 4.7 days with the standard deviation (SD) of the serial interval as 2.2 days. The
evolution of mean effective reproduction number for 7 days from January 2021 to April
2021 is elucidated in Fig. 3, and India has R value as 1.14. The reproductive number rate in
prescribed states is as follows: R = 0.99 in Delhi, R = 1.37 in Karnataka, R = 1.26 in Tamil
Nadu, R = 1.32 in Kerala, and R = 0.98 in Maharashtra. The graphical representation of
effective reproduction number R of the prescribed states is demonstrated in Fig. 3b—f. The
reproduction number is frequently measured in epidemiology as the threshold quantity that
defines when an infection can invade and persist in new people. Even though positive cases
are high at present time, from Fig. 3, it is observed that the reproduction number rate of
Maharashtra and Delhi is less than 1; thus, the COVID-19 will decline and eventually expire
in these two states. Karnataka, Kerala, and Tamil Nadu report the reproduction rate greater
than 1, so the COVID-19 will be transmitted between people, and the outbreak will continue.
In this study, the epidemic curve is two-dimensional graphical representation of COVID-
19-positive cases, where abscissa corresponds to the time in days, while the ordinate presents
the number of positive cases. In the literature of covid-19 prediction model [8], it is observed
that the irregularity is presented in the epidemic curves which is resembling a fractal. Hence,
fractal interpolation method is investigated to estimate or approximate the epidemic curve;
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Fig.3 The time evolution for the mean of reproduction number during the period January 2021 to April 2021
for India, Delhi, Karnataka, and Tamil Nadu

thereby, one can understand the dynamics of outbreaks. However, the choice of vertical
scaling factor for fractal interpolation function is randomly fixed as 0.1, thus scale vector
also the same. In this proposed method, the fractal interpolation function with vertical scaling
factors is obtained as the average infectious period from the SIR model to predict the epidemic
rate (or infection rate) p(t,) at the time #,. However, epidemic rate is the estimated number
of new cases each COVID-positive case will infect. For instance, even though daily positive
cases may be less, if the infection rate is high, then it indicates that daily positive cases will
be high in the short future.

The SIR model is employed on the COVID-19 data set and approximated the progression
of epidemic rate; usually, SIR model considered the positive cases (incidence) and recovery
data to estimate the epidemic rate. The obtained results by Eq. 9 in the SIR model are described
in the first column of Figs. 4, 5, 6 in which y-axis presents the number of infected persons
per day. Similarly, the comparison between the predicted epidemic rate by fractal model and
SIR is elucidated in the second column of Figs. 4, 5, 6. Here, the bell-shaped epidemic curve
is approximated by choosing the scaling factors as the average infectious period in the fractal
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interpolation function. Even though the coronavirus attacked the nation one year ago, the
total number of positive cases was a peak in September 2020 and then gradually declined
up to the end of February 2021, see Fig. 2a. Further, the second wave of the virus started in
the first week of March 2021, and now it is staying like a wildfire in the nation. This study
considered the number of positive cases from March 1, 2021, to April 30, 2021, to predict
the forthcoming trend of the epidemic rate. As per the results displayed in Fig. 4a, b, both
the SIR model and fractal model narrate that the second wave of the corona will be the peak
in India during the mid-days of May 2021. Further, the eventually decreasing outbreak curve
indicates that the growth of the number of positive cases significantly will reduce from the
first week of July 2021 in India.

Besides, the SIR and fractal models fitted with the actual data on daily positive cases
of COVID-19 in India and five provinces of India, namely Delhi, Karnataka, Tamil Nadu,
Kerala, and Maharashtra. Practical data points are displayed as a bar plot, and the blue curve
represents the predicted epidemic rate by SIR model; the magenta curve is the best fitting
curve by the fractal model (refer Figs. 4, 6). Among the most impacted states of India, as
per the predicted results, the capital Delhi and Maharashtra have already attained peak in the
number of positive cases, see Figs. 4c, 6¢c. Meantime, Fig. 5 shows evidence that the southern
state Karnataka is reporting the maximum number of positive cases and it would continue till
the second week of May 2021, thereafter gradually decreasing, whereas neighboring southern
state Tamil Nadu not yet registered its peak. As per the observed results in Figs. Sc, 6a by the
proposed model, Tamil Nadu and Kerala will attain maximum from the second week of May
2021 to the end of May 2021. The reason for huge number of cases in prescribed states may be
assembly election, because during the election period leaders and workers were unsuccessful
to follow the corona protocol imposed by the government when organizing the political
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rallies. Further, a similar situation sent a confounding message to the general population and
also the grassroot-level functionaries of the public authority. It weakened the vigil against
the pandemic. As a result from Fig. 4a, b, it would be expected that the second wave of the
corona will be in top on the mid of May 2021. Further, the outbreak curve eventually decays,
and the growth of the number of positive cases significantly diminishes from the first week of
July 2021. In Fig. 4b, compared with the SIR model, fractal model prediction narrates that the
number of positive cases is declining but not fully vanished. Hence, this study suggests that
the policymakers need to prepare for the likely arrangement and necessary actions. Moreover,
if the second wave is not fully ruled out, then there is a possibility for the third wave. The
next section discusses the third wave of COVID-19.

3.1 Third wave

Control measures implemented at the early stages during the first wave of COVID-19 helped
in the successful mitigation of virus spread. However, the second wave started with unlocking
social activities, so the positive cases during the second wave are rapidly increasing in India.
According to the report of WHO, India reported an average of 3.9 lakhs of new cases during
the first week of May 2021 accounting for 47% of new cases reported globally and 276
daily cases per million population. As per the results discussed in this study, the peak of the
epidemic will occur in the second week of May 2021 and it will gradually decline from the
first week of July 2021 in India. However, as per the discussion in the previous section, there
is a possibility of a third wave in India. In order to predict the third wave of COVID-19,
the predicted data of the second wave from the proposed model are considered as original
data. The obtained outcome of the third wave is displayed in Fig. 7. Further, Fig. 7 shows
that the third wave will start in the first week of August 2021 and will end during October
2021. As per our result in Fig. 7, the third wave will take a peak during the first week of
September 2021 in India. Like the second wave, the predicted epidemic rate of the third wave
by fractal model shows some peaks after October in Fig. 7. The third wave may be controlled
by preventive arrangements, if so then these peaks will not occur. Here, one has to note
that the proposed model depends on the available data and has not included the restrictive
measures of COVID-19 such as lockdown and vaccinated people.

4 Concluding remarks

In overview, the proposed model analyzed the epidemic rate for the second and third waves
of COVID-19 in India and five provinces of India, specifically Delhi, Karnataka, Tamil Nadu,
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Kerala, and Maharashtra. The obtained outcomes from the fractal and SIR models indicate
that the peak of the epidemic will occur in the second week of May 2021 in India. Further,
the eventually decreasing outbreak curve indicates that the growth of the number of positive
cases significantly will reduce from the first week of July 2021 in India. In addition, the
state-wise epidemic rate is discussed based on the results obtained by the SIR and fractal
models fitted with the actual data on daily positive cases of COVID-19 in the second wave.
In order to face and prevent the second wave, this study predicts the duration of peak weeks
for the virus spread in India and its states which helps to prepare the possible arrangement
by the policymakers. Besides, this study narrates that there is a possibility of a third wave in
India, and it will start in the first week of August 2021 and will end during October 2021. The
third wave will take a peak in the first week of September 2021. This study purely depends
on the practical data available in the database as of April 2021, that is, some discussions and
suggestions on the epidemic rate have been investigated based on the available data from
the perspective of the proposed model. Further, the proposed model has not included the
restrictive measures of COVID-19 such as lockdown, quarantine of suspected individuals,
and their close contacts. As a consequence, the infection rate might eventually get decreased
or increased accordingly with more information on the epidemic being available.
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